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Abstract. We study connections between the problem of the existence of positive 
solutions for certain nonlinear equations and weighted norm inequalities. In partic- 
ular, we obtain explicit criteria for the solvability of the Dirichlet problem 

— Au = vu q -\-w, u>0 on O, 
u = on <9f2, 

on a regular domain fl in R" in the "superlinear case" q > 1. The coefficients v, w 
are arbitrary positive measurable functions (or measures) on fl. We also consider 
more general nonlinear differential and integral equations, and study the spaces of 
coefficients and solutions naturally associated with these problems, as well as the 
corresponding capacities. 

Our characterizations of the existence of positive solutions take into account the 
interplay between v, w, and the corresponding Green's kernel. They are not only 
sufficient, but also necessary, and are established without any a priori regularity 
assumptions on v and w; we also obtain sharp two-sided estimates of solutions up to 
the boundary. Some of our results are new even if v = 1 and fl is a ball or half-space. 

The corresponding weighted norm inequalities are proved for integral operators 
with kernels satisfying a refined version of the so-called 3G-inequality by an elemen- 
tary "integration by parts" argument. This also gives a new unified proof for some 
classical inequalities including the Carleson measure theorem for Poisson integrals 
and trace inequalities for Riesz potentials and Green potentials. 
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1. Introduction 



The main goal of this paper is to obtain explicit criteria for the existence of 
positive solutions for a class of "superlinear" Dirichlet problems on a regular domain 
O C R n . In particular we are interested in the solvability of the Dirichlet problem 



on O where n > 3 subject to the conditions u > and « = 0on <9fi, when q > 1 and 
v,w are given positive measurable functions. By a solution of (1.1) we understand 
(more precise definitions are given below) a nonnegative measurable function u 
satisfying a.e. on O the equivalent integral equation u = G{vu q ) + Gw which 
follows by applying the corresponding Green's potential G = (—A) -1 to both sides 
of (1.1). It is also of interest to replace v and w by positive measures, so that the 
equation becomes 



where a and u> are arbitrary positive Borel measures on O, and consider a more 
general boundary condition u = (j) on dfl for a nonnegative measurable function <p; 
then solutions of (1.2) are understood in the analogous sense and are defined cr-a.e. 
on O. 

We observe that in the case q = 1 these equations turn into the inhomogeneous 
Schrodinger equation with potentials v and a respectively. Thus (1.1) and (1.2) 
may be referred to as the (/-Schrodinger equations, and the techniques needed to 
treat them are reminiscent of those employed in [12], [13], [16], [17], [23], [35], [47], 
etc. 

Equations of this type are widely used in differential geometry, physics, astron- 
omy, and numerous applied problems with "nonlinear sources" (heat transfer, fluid 
flow, control theory, etc.; see [32] and the bibliography therein). They fall into the 
class of equations with convex nonlinearities which generally are known to be more 
difficult to investigate than equations with concave operators (see [29]). In a sense, 
(1.1) and (1.2) have become model problems for nonlinear analysts, especially after 
H. Brezis and L. Nirenberg studied in [8] the homogeneous problem related to (1.1) 
with w = and v = 1 in the difficult "critical case" q = (n + 2)/(n — 2). 

The solvability of the inhomogeneous problems (1.1) and (1.2) with variable co- 
efficients has been studied extensively, mostly under strong additional assumptions 
on the potentials and data. We mention sufficient conditions of solvability for a 
general class of boundary value problems with unbounded coefficients and domains 
Q established by M. Schechter (see [47]). However, the necessary conditions for 
solvability (criteria of "nonsolvabilty" ) which match sufficiency results are more 
difficult to obtain. This problem is solved in the present paper for a wide class of 
nonlinear differential and integral equations. 

A starting point for us in studying (1.2) was the following sharp criterion for the 
existence of solutions in the case a = 1 and oj compactly supported in O due to D. 
R. Adams and M. Pierre [3]. (Note that as explained below the "critical index" for 
this problem is q = n/(n — 2).) 

Theorem 1.1 [3]. Suppose that 1 < q < oo, a = 1, and u is a compactly supported 
measure on a bounded regular domain O. 

(1) If there exists a solution for (1.2) which vanishes at the boundary, then 



(1.1) 



Au = v(x) u q + w(x) 



(1.2) 



— Au = au q + uj 



(1.3) 



E\ u < CCapp(E), Emn, 
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where C is independent of compact sets E and Cap p (-) is the capacity associated 
with the Sobolev space W 2 > p (R n ), l/p + 1/q = 1. 

(2) Conversely, (1.2) has a solution with zero boundary values if (1.3) holds with a 
small enough constant C < C(q, n, u>, O) . 

We observe that Theorem 1.1 provides not only sufficient but also necessary 
conditions for solvability in explicit geometric terms. The classes of measures char- 
acterized by estimates of type (1.3) are well studied in potential theory starting 
from the work of V. G. Maz'ya [34] on spectral problems for Schrodinger operators 
in the early sixties. (We cite the books [2], [24], [35], and [57] as an invaluable 
source on capacities, potential theory, related function spaces and applications to 
partial differential equations.) There also are equivalent alternative characteriza- 
tions of these classes which do not involve capacities and play an important role in 
the sequel (see [27], [37], [44], [45], [46], [52]). 

Note that if 1 < q < n/(n — 2), then inf# Capp(-E') > for all E C suppw so that 
q = n/(n — 2) is a critical index. In the more interesting case q > n/(n — 2) however, 
for compactly supported u, one deals essentially with O = R n where the capacities 
Capp(-) are applicable. They are not adequate for the analysis of solutions and 
coefficients up to the boundary. 

The study of the boundary behavior for nonlinear problems of this type requires 
new methods. Even in the case a = 1 on a bounded domain with smooth boundary 
the solvability problem for (1.2) was open for noncompactly supported u. A solution 
to this and more general problems in both capacitary and non-capacitary form is 
given below. 

We remark that similar questions for the Dirichlet problem 

r Au = a u q + u, u>0 on O, 
\ u = 4> on dfl, 

with A in place of —A are in the center of the current work of probabilists. They 
consider (1.4) in the case a = 1 to study the so-called superdiffusions (see [30], [14], 
[15]) for 1 < q < 2. Unfortunately, at the moment no probabilistic models seem to 
be known for (1.2), or (1.4) with q > 2. Criteria of solvability for (1.2) and (1.4), 
at least in the well studied case a = 1 and suppcu <<= O, are known to be different: 
solutions for (1.4) exist under much weaker assumptions (absolute continuity of ui 
with respect to the corresponding capacity) than for (1.2). 

In order to study the problems stated above we first develop a general technique 
for studying a class of nonlinear operator equations. We then consider certain non- 
linear integral equations related to (1.1), (1-2), or more general differential equations 
via Green's functions and the corresponding potential theory. This approach which 
is applicable to many other similar problems is developed in Sections 2-5. 

Before discussing our approach in detail we would like to make some general com- 
ments. We do not use any variational theory, weighted Sobolev spaces, Calderon- 
Zygmund decompositions, or maximal function inequalities. In this respect our 
approach resembles some ideas of the original proof of T. Wolff's inequality which 
appeared in the context of the spectral synthesis problem for Sobolev spaces in 
[23]. (Note that the subsequent alternative proofs of Wolff's inequality due to Per 
Nilsson, J. L. Lewis, and D. R. Adams, see [2], p. 126, are not enough for our pur- 
poses.) We develop a new discrete decomposition for integral operators with respect 
to an arbitrary measure. This leads to sharp estimates of the nonlinear iterations 
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of Green's potentials with precise estimates of the constants involved which is most 
important in this paper. 

We also would like to point out interesting connections (in the easier part which 
involves L p -estimates for integral operators) with the Hilbert space proof of the 
Carleson measure theorem due to S. A. Vinogradov (see [40]) and its weighted 
analogue used recently by S. Treil and A. Volberg [50] in the vector valued version 
of the Hunt-Muckenhoupt-Wheeden theorem in case p = 2. 

However, we avoid using dyadic decompositions, sophisticated capacitary in- 
equalities, or any known tests for boundedness of integral operators or quadratic 
forms. Our proofs here are based on a quite elementary argument which resembles 
the proof of Hardy's inequality and works for all 1 < p < oo. In particular it 
yields a simple proof of some deep classical results (Carleson measure inequality 
[10], trace inequalities of Maz'ya-D. Adams-Dahlberg [2], [35]) and their general- 
izations. Another application of these ideas to the problem of A p sets for Legendre 
and Jacobi polynomials is given in [26] where the underlying space is assumed to 
be discrete. Similar inequalities also appear in the problem of solvability for mul- 
tidimensional Riccati's equations [22], spectral estimates for Schrodinger operators 
and multipliers of Sobolev spaces [37] , etc. 

We now turn to a more detailed discussion of our main results. Let X be a 
metric space and suppose a is a fixed positive a— finite Borel measure on X. Suppose 
K : X x X — > [0, oo] is a Borel kernel function. We write 



for any measurable function / > 0. Occasionally we write K a f rather than Kf to 
emphasize the role of the underlying measure a. In particular, if / = 1 we have 
Kl = K a l = Ka. Similarly, for any Borel measure to on X, we set 



which hopefully does not lead to any confusion. 

The problems (1.1), (1-2) and many similar problems can be transformed into 
"superlinear" integral equation of the type 



where / > is given and we require a nonnegative solution. Let us denote by 
Sq,K the set of all / such that (1.5) has a solution (i.e. there is a measurable 
u > satisfying (1.5)). This problem has been considered in several places in the 
literature (cf. [3], [6], [29], [32], [52] ). In the examples we wish to consider the 
kernel K has an additional property which we term the quasi-metric assumption 
i.e. K is symmetric, K{x, y) > for all x, y, and there is a constant k such that for 
x,l/,zGl we have 





(1.5) 



u(x) = Ku q (x) + f(x) 



(a — a.e.) 



(1.6) 
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Then we can introduce a quasi-metric structure via p(x,y) = K(x,y)~ 1 . Note 
however that we do not require p(x, x) = 0. If we define the p-ball B a (x) = {y : 
p(x, y) < fl} then we can write 

(1.7) K°f(x) = Kv{x) = l -^^dt 

where dv = f da, f > 0. 

We remark that in our main results we are able to avoid the usual assumption 
of the theory of homogeneous spaces in the sense of Coifman and Weiss [11] that 
there exists a doubling measure with respect to p on X. Under that assumption our 
results are applicable to equations with generalized fractional integral operators of 
[20]. 

Returning to (1.5) we seek to characterize those functions / so that for some 
e > we have ef G S Qj k i-e. there is a solution to the equation 

u = Ku q + ef. 

In this context it is natural to introduce the solution space Z q x of all measurable 
functions / such that for some e > we have e|/| G S qj K- If we have the quasi- 
metric condition (1.6) then Z q ^K either reduces to {0} or is a Banach function space 
on (X,a) with associated norm \\f\\z = inf{A > : / G XS Q! k}, and all solutions 
of the equation belong to Z q x- 

In Section 2, which consists mainly of background material, we develop a general 
theory of the solution space Z = Z q> T associated to the equation u = Tu q + f where 
T is an arbitrary positive operator on the space of measurable functions. Most 
results on nonlinear operator equations of this type we have found in the literature 
(see e.g. [29], [32]) contain only sufficient conditions for solvability in particular 
function spaces which are not intrinsically related to the equation. To bridge this 
gap, we use techniques borrowed from the Banach lattice theory and in particular 
some facts from the Nikishin-Maurey theory (see [31], [33], [39]) to identify Z q ^ as 
a Banach function space naturally associated with the problem. 

Under mild assumptions, we demonstrate a number of different characterizations 
of this space. For example we show that Z is invariant under the mapping / — > 
Af = Tfi and that < / G Z if and only if 

limsup(^ n /) 1/9 " G L°°(a). 

n^oo 

We also show that earlier results of P. Baras and M. Pierre [6] can be recast as 
identifying the predual space of Z. The Kothe dual Z' of Z is shown to be the 
predual and its norm is given by the formula: 

(1-8) \\9\\z.=1*r X \Bt\J Jf^da: h > Ig^. 

Here T* is the adjoint of the operator T, 1/p+l/q — 1, and the equation u = Au+f 
is solvable if and only if / > lies in the unit ball of Z. This is quite similar to a 
result proved by Baras and Pierre, who consider more general convex functions than 
x — > x q . It should be noted that our result applies to general positive operators (not 
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simply operators defined by kernels) and that our method of proof is quite different 
from that of Baras and Pierre, depending only on quite simple duality arguments. 
Although this characterization of the predual space Z' seems to us both important 
and interesting, it is not used to establish the main results of the paper. 

At the same time in Section 2 we introduce the Banach function space W p ,t of 
L p -weights associated with the corresponding weighted norm inequalities for future 
use. Its g-convexification which contains Z q ^r plays an important role in the sequel 
and is intimately related to the general theory of Incapacities developed by N. G. 
Meyers (see [2]). 

In Section 3, we carry out the study of the solution space further for the case 
of an operator defined by a kernel K satisfying the quasi-metric assumption. Our 
main technical tool here is a decomposition of the operator into its upper and lower 
part, the latter being almost constant on quasi- metric balls (Proposition 3.4). We 
show that if lo is a a— finite Borel measure on X and 



Ku){x) =K UJ l{x) = J K(x,y)du(y) 
then Ku G Z implies the inequality: 

(L9) s u -?-*) u -?-*) ■ 00 

a>0 



which reflects the interplay between the local regularity of a and the behavior of 
the "tails" of Ku. It is reminiscent of the Kato class for the potential a as q — > 1 
(see [13]). We call (1.9) the infinitesimal inequality because of the method of the 
proof which boils down to careful pointwise estimates of (A n f) 1 ^ qn as n — > oo; they 
involve sharp constants depending on q and k. In particular if / G Z then the 
infinitesimal inequality holds for the measure dui = f q da. 

In Section 4, we then turn to the relationship between solutions of (1.2) and 
weighted norm inequalities of the type: 

(1.10) J (K a g) p du <C J g p da 

whenever g > and g G L p (a). We prove that if Kuj e Z then the weighted norm 
inequality (1.10) holds, and further that (1.10) is also implied by the inequality 

J (K a g) p (Kuj) q da <C J g p da. 

In general Ku G Z is equivalent to a sequence of weighted norm inequalities 

J{K^gYdu j <C j J g p da, J = 1,2,... , 



where duo = du and dujj+i = (Kujj) q da, with a good control of the imbedding 



constants: one should require limsup < oo (Theorem 4.7); however this 



result is a little unwieldy. 



Our main result of the section (Theorems 4.8 and 4.9) is that Kuj G Z if and only 
if both the infinitesimal inequality (1.9) and the weighted norm inequality (1.10) 
hold, which is also equivalent to the pointwise inequality K{Kui) q < C Kuj. Also 
in these results it is possible to replace (1.10) by its weak-type analogue, or even 
the well-known testing condition of Sawyer type (see [44], [45], [46]) 

(1.11) / (K u X B) q da<C\B\ u 

for all quasi-metric balls B = B a (x). This leads to the following theorem. 

Theorem 1.2. Let uj,a G M + (X) and let Kf = K° f . Then the following are 
equivalent: 

(1) Kuj G Z q ^K i-e. the equation u = Ku q + e Kuj has a solution for some e > 0. 

(2) u> satisfies both the infinitesimal inequality (1.9) and weighted norm inequality 
(1.10). 

(3) u satisfies both the infinitesimal inequality (1.9) and testing inequality (1.11). 

(4) There exists a constant C so that K(Kuj) q < C Kuj < oo a-a.e. 

It is easy to see that if in (4) the constant C < q~ 1 p 1 ~ q , then the equation 
u = Ku q + Kuj has a solution u so that Kuj < u < p Kuj. This remark means that 
Theorem 1.2 makes it possible to characterize the existence of positive solutions in 
L r spaces (or any other ideal space). 

Similar results hold for all < / G Z. 

Theorem 1.3. Let < / < oo a-a.e. and du = f q da. Then the equation 
u = Ku q + e f has a solution for some e > if and only if any one of statements 
(2)- (4) of Theorem 1.2 holds. 

It follows from the general estimates of Section 2 that if du = f q da and 
K(Kuj) q < q-ipi^-i) Kuj < oo as in statement (4) of Theorem 1.3 then the equa- 
tion u = Ku q + f has a solution so that / + Kf q < u < f + p q Kf q . 

Note that in the proof of Theorems 1.2 and 1.3 we do not use any known two 
weight theorems (cf. [44], [45]); our proofs are self-contained and shed new light on 
the role of weighted norm inequalities and testing conditions of Sawyer type. 

In Section 5 we introduce notions of capacity associated to the kernel and then 
study conditions on the kernel K and the measure a under which the statement 
Kuj G Z becomes equivalent to the weighted norm inequality (1.10). This requires 
that (1.10) implies (1.9). In fact we give two theorems of this type. In Theorems 
5.6 and 5.9 we give conditions on the kernel K so that Kuj G Z if (1.10) holds or if 
a weaker capacitary condition holds: 

(1.12) < C Cap E 
where 

Cap£ = inf( / gPda: < g, Kg > X e 



It is also possible to replace this condition by a Sawyer-type testing condition. The 
hypothesis of Theorem 5.6 (which can be shown to be necessary for the conclusion 
under certain mild assumptions on K) is that for some constant C and every x G X 
and a > we have 

(1 . 13) f-Wgk^Ca'-' f!^*<oo. 



Roughly speaking this condition implies that the behavior of the kernel at infinity 
dominates the behavior locally. The hypothesis of Theorem 5.9 replaces this by the 
assumption that for some C and every x G X, a > we have both: 



(1.14) 




B t {x)\ a 
t 2 



dt<C [ 



a 



Bt{x)\ a 
t 2 



dt 



and 




B t (y)\a 



dt<C [ 



a 



B t {x)\ a 
t 2 



(1.15) 



sup 

yeB a (x) 



dt. 



Conditions (1.14) and (1.15) essentially are assumptions that measure a is close 
to being invariant for the kernel K. For convenience we state these results as the 
following theorem. 

Theorem 1.4. Let K be a quasi-metric kernel. Assume that there is a constant 
C so that for every x G X and a > 0, either (1.13), or both (1.14) an d (1-15) hold. 
Then Z q ^K 7^ {0} and the following statements are equivalent: 

(1) u> satisfies the weighted norm inequality (1.10). 

(2) u> satisfies the capacity condition \E\cj < Cap E for all Borel sets E. (Equiva- 
lent^ the weak-type analogue of (1.10) holds.) 

(3) u satisfies the testing condition (1.11). 

(4) Kuj G Z q ^K i-e- for some e > there is a solution u of the equation u = 
Ku q + eKu. 

(5) There is a constant C so that K(Ku) q < C Ku. 

The proof of Theorem 1.4 involves a quantity which under mild assumptions is 
equivalent to the capacity of a ball. The two-sided estimates of Cap B are obtained 
in Theorem 5.4 without any restrictions on the underlying measure a for a wide 
class of K. (This is a generalization of D. Adams's formula for the weighted capacity 
of a ball proved in [1] in the case of Riesz potentials for a G A^; an upper estimate 
for arbitrary a can be found in [51].) This should be compared to a similar estimate 
°f IIxbII-Z k m Section 4 which clarifies the role of the infinitesimal inequality. 

In Sections 6 and 7 we give some applications of our ideas to concrete problems 
of the type introduced earlier. Section 6 is devoted to convolution operators on 
R n . In particular we translate our results for the Riesz potential of order a i.e. 
I a = (— A) _Qf / 2 . The results developed in Sections 3, 4 and 5 can be translated 
directly to this setting taking into account the change between ordinary Euclidean 
distance and the quasi-distance induced by the quasi-metric p (see Theorem 6.2 
below). We also apply our results to the Poisson kernel to derive an extension of 
the recent result of Treil and Volberg [50] mentioned above. 

In Section 7 we return to the problem which motivated this research, i.e. the 
equations (1.1) and (1.2). We consider more general differential operators and inho- 
mogeneous boundary conditions. If G denotes the Green's kernel for the Laplacian 
A on O then (1.1) can be transformed to the equation: 



(1.16) 



u = G(vu q )+Gw. 



If we let da = v(x)dx then we can consider this equation as being in the form of 
(1.5). It is easy to see that the Green's kernel G fails to satisfy the quasi-metric 
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assumption (1.6) in general, even for the simplest domains (e.g. the Euclidean ball 
or the half-space). However G does satisfy the so-called 3G— inequality (see [12]) 
i.e. 

(1.17) G(l f G( f Z) <C(\x- y\ 2 ~ n + \y- z\ 2 ~ n ) 

G(x,z) 

In [7] Theorem 3.6 it is claimed that for Lipschitz domains one can replace the 
right-hand side by G(x,y) + G(y,z) which would establish (1.6) for the Green's 
kernel but there is an error in the proof. 

However if the boundary <9fi is smooth enough, the problem can be transformed 
to meet the condition (1.6). If <9fi is C ' then the Nairn kernel (introduced in an 
equivalent form by Linda Nairn [38] in the theory related to Martin's kernels) is 
defined by 

(i-i8) N ^ = jn^\ 

S(x)5{y) 

where S(x) = d(x, <9fi) is the distance to the boundary. We show that N does indeed 
satisfy (1.6), and this enables us to transform (1.16) to an equation for which our 
general theory is applicable. We observe that this inequality is sharper than (1.17) 
and gives the right estimates of the Green's kernel at the boundary. 

These methods can be applied to more general second-order non-divergence uni- 
formly elliptic differential operators L with regular (bounded Holder-continuous) 
coefficients in place of the Laplacian. Under these assumptions, it follows from the 
well-known estimates of the Green's kernels (see [55], [56], [5], [25], and the dis- 
cussion in Section 7) that the corresponding Nairn kernel given by (1.18) satisfies 
condition (1.6). 

By using this method we are able to give very general results on the solvability 
of the equations (1.1) and (1.2) as well as a characterization of trace inequalities 
for Green's potentials. In Theorem 7.5 we show that the equation 

(1.19) -Au = au q + 

with u > and u = on <9fi has a solution for some e > if and only if for some 
constant C we have 

(1.20) G[a(Goj) q ] < CGoj, 

where Gu(x) = j Q G(x, y) du>(y). Here a and u are arbitrary nonnegative measur- 
able functions (or positive measures) on O. We also give equivalent formulations 
in geometric terms involving the infinitesimal inequality and the testing inequality 
quoted above. 

Finally we return to the Adams-Pierre theorem (Theorem 1.1) and show that our 
methods in this situation give a complete solution (up to a constant) to the problem 
of the existence of positive solutions. This corresponds to the case a = 1, but similar 
results are proved for arbitrary a. We can then apply Theorem 1.4 and show that 
the solvability of (1.19) can be characterized in terms of a capacitary condition. We 
are thus able to remove the assumption that u is compactly supported in O. 

Let 

Cap£ = inf jy gP Six) 1 -* dx : Gg(x) > 5(x) Xe(x), g > oj 
for any set E C O. 



Theorem 1.5. Let u> G j\4+(fl) and a = 1. Then the Dirichlet problem (1.19) has 
a solution for some e > if and only if there is a constant C so that 

(1.21) / S(x) dw(x) < C Cap E 

J E 

for every compact set E. 

Moreover, (1.21) is equivalent to the pointwise condition (1.20). 

As was mentioned above, if in (1.20) the constant C < q~ 1 p 1 ~ q , then for < 
e < 1 (1.19) has a solution u so that Gui <u< pGu. 

In the case when uj is compactly supported the capacitary characterization of 
Theorem 1.5 reduces to the Adams-Pierre theorem since the capacity defined above 
can be then shown equivalent to the nonlinear Newtonian capacity associated with 
the Sobolev space W 2,p (R n ) used in [3]. 

After this paper was finished we learned that H. Brezis and X. Cabre [9] consid- 
ered very recently another special case of (1.19) where the inhomogeneous term uj is 
a positive uniformly bounded function on O. 1 In particular, they proved in a differ- 
ent way the following "nonsolvability" result (for bounded domains O with smooth 
boundary): (1.19) with bounded uj has no solutions unless G(5 q a) G L°°(0). Note 
that in this case Gu(x) x 8(x), and our characterization (1.20) boils down to a 
sharper necessary and sufficient condition 

(1.22) G(8 q a)(x) <C8(x), x G 0. 

By Theorem 7.5 (see Sec. 7), it follows that (1.22) also characterizes completely 
the solvability of (1.19) with uj G L°°(0) for more general uniformly elliptic second 
order differential operators in place of the Laplacian. 

All the results in Section 7 apply to much more general situations as explained 
therein. For instance, the only property of the differential operator with Green's 
function G which is important for us is the fact that the kernel 

N(x, y) = s(x) G(x, y) s(y)~ 1 

has the quasi- metric property for some weight function s > 0; then the pointwise 
condition (1.20) which is invariant under this transformation of the kernel charac- 
terizes the solvability of the corresponding Dirichlet problem. We conjecture that 
this holds true for a wide class of differential operators with bounded measurable co- 
efficients and non-smooth domains O. There are many other potential applications 
of these ideas which we plan to explore in future work. 

We would like to express our thanks to our colleague Zhongxin Zhao for his 
helpful comments concerning the 3G-inequalities. 

2. SUPERLINEAR PROBLEMS AND RELATED FUNCTION SPACES 

In this section we will introduce certain Banach function spaces which will play 
an important role in the later sections of the paper. We will also give an alter- 
native approach to some results of Baras and Pierre [6] on the solvability of the 
"superlinear" problem u = Tu q + f discussed in the introduction. 



^ee also the Addendum at the end of this paper. 
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Let X be a metric space and suppose a is a a— finite measure on X. We denote 
by L°(a) the space of all (equivalence classes) of real- valued Borel functions on X. 
The topology of L (<r) is the usual topology of convergence in measure on sets of 
finite measure. We use to denote the positive cone {/ : / G L , / > 0}. 

Let us first state two fundamental results which will be used in the sequel: 

Theorem 2.1. Let H be a closed bounded convex subset of L+. Then: 

(1) (Nikishin [39]) There exists a weight function w G with w > a.e. such 
that supf eH f fwda < oo. 

(2) (Komlos [28],) If (f n ) is a sequence in H then (f n ) has a subsequence (g n ) such 
that ^r(<7i + • • • + <7n) is a.e. convergent. 

Nikishin' s result is [39] Theorem 4, or see Maurey [33] Theoreme 13. We observe 
that Komlos' s result is usually stated for bounded sequences in L 1 but our statement 
follows from the usual Komlos theorem in view of (1). Also note that the conclusion 
of Komlos's theorem is much stronger than we have stated here: one can ensure that 
every subsequence of (g n ) is Cesaro convergent a.e. to some fixed h. The version 
we will use can be established by much more simple means. In fact we do not need 
Cesaro means; any suitable sequence of convex combinations suffices. 

We say that a convex subset H of L° + is solid if / G H and < g < f a.e. implies 
that g G H. We will also say that H is nondegenerate if there exists / G H with 
/ > a.e. Our next two results are surely well-known to specialists but we know 
of no reference where they are established in exactly this form. 

Proposition 2.2. Let H be a solid convex subset of L° + . Then H is closed if and 
only if whenever f n j / a.e. with f n G H for all n, then f G H. 

Proof. Suppose h n G H and h n — > / a.e. Then by applying Egoroff 's theorem we 
can find an increasing sequence of Borel subsets E m of X so that h n — > / uniformly 
on each E m , f > m _1 on E m and UE m = supp /. Now for fixed m we can find 
e n | so that (1 — e n )f < h n < f on i? m . It follows that each (1 — e n )fxE m G H 
and hence we can apply the hypothesis twice to obtain / G H. □ 

If if is a solid closed bounded convex subset of L°^_ then we can define a Banach 
function space X = Xh associated to H. Precisely if / G L° we set 



and then X = {/ : < It is easily checked that X is a Banach lattice 

continuously embedded into L°. Notice that the norm || \\x has the Fatou property 
i.e. < f n t / implies < ||/ n ||x T \\f\\x- We shall say that X is nondegenerate 
if it contains a strictly positive function: this is easily seen to be equivalent to 
nondegeneracy of H. 

For any convex subset H of L° + we can define 



It is clear that H' is closed solid and convex. If H is bounded then by Nikishin's 
Theorem 2.1 (1) H' is nondegenerate; if H is nondegenerate then H' is bounded. 
When H is nondegenerate bounded convex and solid then X H > is Kothe dual space 



of X, equipped with the dual norm. The following observation is important for 
later applications so we display it as a lemma: 



11/11 



x — 



inf{A:|/|GAC} 
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Lemma 2.3. If H is a nondegenerate bounded closed solid convex set then H = H" 
and X = X" with equality of norms. 

Proof. Using Nikishin's theorem again there exists u E H' with u > a.e. Then 
H is closed in L x {uda) or equivalently uH is closed in L 1 . Hence uH = {/ > : 
J/fi'<lV0<5rG u- x W H L°°} and the lemma follows. □ 

Next we define a generalized notion of a positive operator. Let L+ denote the 
space of (equivalence classes of) measurable functions / : X — > [0, oo]. We define a 
positive operator to be a map T : L + — > L+ such that: 
(PI) T(af + (3g) = aTf + [3Tg if a, > 0, and /, g G Lj # . 
(P2) If < f n T / a.e. then Tf n ] Tf a.e. 
(P3) There exists / with / > a.e. such that Tf < oo a.e. 

We say that T is strictly positive if in addition Tf = a.e. implies / = a.e. 

In all our applications T will be given by a kernel function K. That is, we will 
be given a nonnegative Borel function K on X x X and then 



Tf(x) = Kf(x) = J K(x,y)f(y) da{y). 



Conditions (PI) and (P2) are then obvious and (P3) is a condition on the kernel. 

The domain of T is defined by V(T) = {/ : T|/| < oo a.e.}. It is clear that T 
extends to a positive linear operator T : V(T) — > L°. 

^ 

Given T we can construct a formal adjoint T* such that if /, g G L+ then 
J(Tf)gda = J(T*g)fda. This can be done using the Radon-Nikodym theorem 
and it is not difficult to check that T* is also a positive operator. To verify (P3) for 
T* one needs only observe that if / is chosen as in (P3) for T and if f u{Tf) < oo 
then T*u < oo a.e. 

We first discuss weighted norm inequalities for T. Fix 1 < p < oo, and let 

i + i = 1. 

p q 

Let H be the set of / G L° + such that there exists < g G L p (a) with ||5f|| p < 1 
and / -- {TgV. 

Lemma 2.4. H is a solid closed convex set. H is bounded if and only if L p C T>(T). 
H is nondegenerate if and only if whenever f G with T* f = a.e. then f = 
a.e. (i.e. T* is strictly positive). 

Proof. Let us prove convexity. If /i , /2 G H and < t < 1 we first find < gj 
with > fj and ||^|| p < 1 for j = 1,2. Then let g = {tg{ + (1 - t)^f) 1/p . Then 
|| (7 ||p < 1 and Tg p > tfi + (1 — t)f 2 . H is easily seen to be also solid. 

We next check H is closed. Suppose f n E H and / n T / a - e - Then there exist 
< <7n G L p with ||(7n|| P < 1 and (Tg n ) p > f n . Since L p is reflexive when 1 < p < oo 
we can find a weak limit point h of (g n ) and a sequence ^ G co {g^, (7 n +i, . . . } such 
that g' n — > (7 in L p -norm. Then T<7^ — > T/i in L . Now 



(T^>inf{(T^: fc > n} > /„ 



so that (Th) p > f. It follows that f E H and by Proposition 2.2 the set H is closed. 

Clearly if < / G L p and E = {x : Tf(x) = oo} then a\E £ H for every a > 0. 
Hence if H is bounded L p cV(T). Conversely assume L p cV(T). To show H is 
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bounded, let us suppose 2 n f n G H. The above argument used to show H is closed 
shows the existence of < h G LP with Th > Xl^Li fn s ° that f n — > a.e. 

If if is nondegenerate then there exists < f £ L p with T/ > a.e. If T*/i = 
a.e. then J h(Tf)da = so that h = a.e. 

Conversely let us show H is nondegenerate, under the hypothesis that T*f = 
a.e. implies / = a.e. Let (/ n ) be a sequence in dense in the positive quadrant of 
the unit ball of LP . Let g = (E^Li 1~ n flY lv - Let E = {Tg = 0}. Then xsT/n = 
a.e. for all n whence T*xe = so that \E\ a = 0. □ 

Definition. TTie space V = V Pj t consists of all f E L° such that there exists 
h G L P:+ with |/| < {Th) p a.e. We define 



v 



inf { J hPda : < h, \f\< {Th) p }. 



If LP C V(T) then V is a Banach function space. V is a nondegenerate Banach 
function space if in addition T is strictly positive. 

Definition. The space W = W p ,t of L p -weights for T is defined to be the space of 
functions f G L° such that for some 7 we have 

\f\\Tg\ p da< 7 J \g\ p da, 

for all g G L p . We define \\f\\w t° be the least constant 7 for which the preceding 
inequality holds. 

It is clear that if we have both L p C V{T) and T strictly positive then W is the 
Kothe dual of V, and is thus a Banach function space for the norm ||/||w. Note 
that this implies W = V as we observed above in Lemma 2.3. 

We will also introduce the g-convexification of W P) t say y p ,r = V^Jt- 

Definition. y Pt r is the space of w G L° such that \w\ q G W Pi t with the associated 
norm 

qnl/q 

W w \\y = IIfHIw • 

This is a Banach function space whenever W p ,t is a Banach function space. 
Note that \\w\\y is the least constant 7 for which the inequality 



J w q \Tg\ p da <^ q J \g\ p do- 



holds for all gEL p . 

We next consider the nonlinear equation 

(2.1) u = Tu q + f 

where T is, as before, a positive operator and 1 < q < 00. We suppose / > and 
seek a positive solution u G L°. With the restriction that T is a kernel operator but 
for more general convex functions in place of u — > u q this problem was previously 
considered by Baras and Pierre [6]. 

Let us start with some very elementary observations. We denote by A : — > 

44 

the nonlinear map Af = Tf q and rewrite (2.1) as 

u = Au + f. 

Note that A is a convex operator: A(t f + (1 — t) g) < tAf + (1 — t) Ag for all 
f,g > and < t < 1. 
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Proposition 2.5. Suppose f G L+. Define uq = and t/ien -u n = Au n -i + f for 
n > 1. T/ien t/ie following are equivalent: 

(1) There exists v G L° twzt/i w = Av + f. 

(2) The sequence (u n ) is bounded in L°. 

(3) supii n < oo a.e. 

n>0 

(4) There exists w G V\ with w > Aw + f. 

Proof. Of course (1) implies (4). (4) implies (3) since we will have < u n < w for 
all n. (3) trivially implies (2). If (2) holds then since (u n ) is increasing we have 
v = sup-u n G L° solving (2.1). □ 

n>0 

Definition. We define S = S qj T the set of all f > so that (2.1) has a solution. 

Notice that the iterative procedure of Proposition 2.5 yields a minimal solution 
u of (2.1) corresponding to each / G S and that the map / — > u (where u is the 
minimal solution) is monotone. 

Proposition 2.6. The set S is a solid convex set. 

Proof. This follows from 2.5. The only part requiring proof is convexity. If /, g G S 
and < t < 1 then there exist -u, v with u = Au + f, v = Av + g. But then using 
the convexity of A we have tu + (1 — t)v > A{tu + (1 — t)v) + tf + (1 — t)g so that 
tf + (l-t)geS. □ 

Proposition 2.7. (1) Suppose f G S. Then sup A n f < oo a.e. 

n>0 

(2) Suppose co {A n f : n > 0} is bounded in L°. Then p~ 1 q 1 ~ p f G S. In particular, 
if swpA n f < oo < oo a.e. (e.g. if for some n we have A n f < A n ~ 1 f) then 

n>0 

p-iqi-Pf G S. 

(3) If Af < q~ 1 p 1 ~ q f then (2.1) has a solution u such that f <u< pf. 

(4) If A 2 f < q-ip^-i) Af then (2.1) has a solution u such that 

f + Af< u <f+p q Af. 

Proof. (1) is immediate. If u = Au + f then A n f < A n u < u. 

For (2) let G be the set co {A n f : n > 0}. Define uq = and then u n = 
Au n -i +p~ l q l ~ p f for n > 1. We will show by induction that there is a sequence 
v n G G such that u n < q~ v ^ q v n . This is trivial for n = 0; now assume it is proved 
for n = k. Then Auk < q~ p Avk so that 

u k+1 =Au k +p- 1 q 1 - p fe((q- l)q- p + q~ p )G = q^G = q~ p / q G, 

i.e. u n < q~ p l q v n for all n. Hence (u n ) is bounded in L° and we can apply 
Proposition 2.5. 

For (3) define uo = and u n = Au n -i + f. Then for n > 1 by induction 
/ < u-n < c n / where ci = 1 and 

Cn+1 = g -y-*4 + i. 

Since xo = p is the only root of the equation x = q~ 1 p 1 ~ q x q + 1 and c\ = 1 it is 
easy to see that lim n ^ 00 c n = p and hence v = sup n w. n is a solution to (2.1) such 
that f < v < p f. 
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To prove (4) we will need the inequality 

A{f + g)<[{Af) 1 ' q + {Ag) 1 / q ] q 

for all q > 1 and /, g > 0. (For the reverse inequality in case < q < 1 see [LT], 
p. 55). Note that if T is a kernel operator then this follows from Minkowski's 
inequality. For an arbitrary T, using the convexity of A we have 

A(f + g) < A A({) + ix A{ 9 -) = X 1 ~ q Af + ^ Ag 

for all A, ji > 0, A + ji = 1. It then follows that we have: 

A(f + g)< inf {\ l ~ q Af + ^- q Af] a.e. 

A, ^t>0 

The desired inequality follows for by letting 

WQc)) 1/q (Agjx)) 1 ^ 
(Af(x)y/<i + (Ag(x)y/<i' (Af(x)) 1 /i + (Ag(x)) 1 /^ 

when Af(x), Ag(x) > 0. 

Now for uq = f and u n = Au n -i + f obviously u n > f + Af if n > 1. To get 
the upper estimate we show by induction that u n < f + c n Af where 

c n = (l + q- 1 p 1 - q c n - 1 ) q . 

This is true for n = 1 since c\ = and c 2 = 1. Assuming it is true for n = k, we 
have 

Wfc+1 = .Au fc + / < ^(/ + c k Af) q + f 

<[{Af) l l q + c k (A 2 f) l ' q ] q + f 

<(i + q -y- q c k ) q Af+f. 

Hence u k +i < / + c^+i ^4/ where c^+i = (1 + Cfc) 9 . It remains to note 

that xq = p q is obviously the only root of the equation x = (1 + and 
lim n ^oo c n = p q . Thus v = sup n u n is a solution to (2.1) with the desired pointwise 
estimates. □ 

Remark. It is not difficult to see that all the constants in Proposition 2.7 are sharp. 

Proposition 2.8. If the set S is bounded then it is also closed. 

Proof. We need only check that if < f n t / a.e. and each f n e S then f £ S. 
Let u n be the minimal solution corresponding to f n . Then Au n < u so that by 
Proposition 2.6, p~ 1 q 1 ~ p u n G S 1 . Thus (tt n ) is an increasing sequence which is 
bounded in L°. Let u = sup n M n . Then u = Au + f. □ 

Definition. We define the solution space Z q ^ to be the space of all f G L° so that 
for some e > we have e\f\ G S. We define 

\\f\\ z = mf{a>0:a- 1 \f\ES}. 

We note that S is nondegenerate if there exists u > a.e. with Ku q < u < oo 
a.e. Let us assume that S is both bounded and nondegenerate. Then Z is a Banach 
function space for the norm || \\z- 
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Proposition 2.9. Suppose f E L° + . Then / E Z if and only if there exists u > f 
and C > so that u E L° + and Au < Cu. 

Proof. If / E Z then f/\\f\\z G S and so there exists v > f/\\f\\z with Av < v. 
But then let u = \\f\\zv. We have Au < \\fWz~ u. Conversely if Au < Cu then let 
v = C* -1 /^ -1 ) so that Av < v. Then by Proposition 2.6, we have p~ 1 q 1 ~ p v G U so 
that u E Z. □ 

Remark. If we define 

|/U = inf{a>0:T|/|^<^- 1 |/|} 

then | /| 2 is an equivalent norm on 

We next state properties of Z which will be useful later. 
Theorem 2.10. (1) For any f E L° + we have f E Z if and only if Af E Z and 

\\f\\ q z<\\Af\\ Z <m p - l \\f\\ q z - 

(2) Suppose X is a Banach function space which contains Z. Then for any f E X + 

l/a n 

we have f E Z if and only if sup ||^4 n /||^ < oo and 

n>0 

limsup < H/b ^M*" 1 limsup \\A n fW^ . 

(3) If f EL° + , then f E Z if and only if limsup (A n f) 1/qn E L°° and then 

||limsup(^/) 1/9 "lU < H/IU ^P^-'lllimsup^/J^lloo. 

(4) If X is as in (2) then 

limsup \\A n f\\ X p n = || limsup („4 n /) 1/<? loo. 



Proof. (1) Assume first that f E Z; we may assume \\f\\z = 1- Then there exists 
u with u = Au + f. Then u q > (Au) q + f q and so Au > A 2 u + Af so that 
||Af||.z < 1- Conversely if ||.4./||.h = 1 then we conclude that there exists u with 
u = Au+Af. But then A n f < u for n > 1, so that by Proposition 2.7, p~ 1 q 1 ~ p f E S 
or \\f\\z < pq p ~ l . The result follows by homogeneity. 

(2) Note that if / E Z then there exists u E Z with u > f/\\f\\z with Au < u. 
Hence A n f < ||/||fT u. It follows that 

limsup ||^/lli /9 "< ||/||z. 

n^oo 

Conversely suppose limsup n ^ oc 

||.A n /ll* = a < oo. Then if b > a we have 
that {v4. n (6 _1 /)} n >o is bounded in X . Applying Proposition 2.7(2) this yields that 
p -i q i-P h -ij e g ie f E Z and \\f\\ z < bpqP' 1 . 
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(3) Assume / G Z. Then there exists u E Z + so that ^l n (//||/||^) < u. Hence 



(A n f) 1/qn < WfWzu 1 ^ 

so that 

limsup ||(^/) Wl ||oo<||/b. 

n — >oo 

Conversely if / G and || limsup n ^ 00 (A n f) 1 ^ q ||oo = o, then for any b > a we 
have limsup n A n {b~ 1 f) < oo a.e. It follows from Proposition 2.7 that \\f\\z < 
pq p ~ 1 b and the result follows. 

(4) The convexity of the map A is easily seen to imply that both 

||limsup(„4 r 7) 1/9 "|| 0O and limsup \\A n f\\^ qn 

n^oo n^oo 

define equivalent norms on Z. Both norms satisfy the identity ||^4/|| = This 
clearly makes them identical, since one obtains \\A n f\\ = \\f\\ q and the two norms 
are equivalent. 

Proposition 2.11. Z' is an order- continuous Banach function space so that Z' is 
separable and Z = Z" can be identified as the dual space of Z'. 

Proof. We show that Z is (/-convex i.e. there exists a constant C so that if 
/!,..., /„ G Z + then ||(£Li fl) l/q \\z < C(ELi \\fk\\ q z ) 1/q - Indeed we note as in 
the preceding Proposition that Afk < \\fk\\ q f 1 fk- Let g = (J2k=i fk) 1/q - Tnen 

n n 

^^EiiMHrV^cEiiMi^) 17 ^ 
k=i k=i 

by Holder's inequality. Hence again arguing as in the preceding Proposition if h = 
9/ (Sfc=i ll/fcll^) 1 ^ 9 ^ nen Ah < h so that by Proposition 2.5, we have \\h\\z < pq p ~ l ■ 
Thus we obtain the desired inequality with constant C = pq p ~ x . (Note that we have 
in effect proved that the norm / — > \f\z is (/-convex with constant one.) Now ([31]) 
this implies that Z' is p-concave and in particular order-continuous. □ 

We will now prove a result which is except for certain technical assumptions the 
same as the main result of Baras and Pierre [6], but our approach is completely 
different. 

Theorem 2.12. If g E Z' then 

\\g\\z> = pq*- 1 inf {J (r ^ p _^ a: h E Z' , h > \g\ } . 

Remark. It follows that if / > a.e. then / G S if and only if we have J fhda < 
1 whenever h E Z' + and J(h p / (T* hy-^da < p 1 q 1 p . This is similar to the 
formulation in [6]. Notice that we do not assume that T is given by a kernel 
function K, which is necessary for the Baras-Pierre approach. Our arguments are 
purely functional analytic, and depend only on duality. Of course we are restricting 
our attention to the case of functions of the type x — > x q while Baras and Pierre 
consider more general convex functions. 
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Proof. Let us define V C Z by V = {/ : 3w G Z + : u > Tu q + /}. Note that 
F fl Z + = S, and that V is convex. 

We first show that V is weak*-closed. To do this, by the Banach-Dieudonne 
theorem it suffices to show that V fl aBz is weak*-closed for all a > 0. Since Z' 
is separable it suffices to consider a sequence f n EV(~) aBz converging to some 
f £ Z for the weak*-topology. Thus there exist u n E Z + with u n —Tu^ > f n . Now 
since a _1 |/ n | G S there exists w n G 2+ with w n — Tv q = a _1 |/ n |. Let (1 + a)w n = 
u n + av n . Then by convexity (1 + a)Tw^ < Tu\ + aTv q . Hence 

(1 + «)K-T<) >/ n + |/ n | >o. 

It follows that H^nllz, ll^nllz < pq 9-1 and hence ||itn||.z < (1 + 2a)p~ 1 q 1 ~ p . The 
sequence (u n ) is thus also bounded in Z. 

By Komlos's theorem we can now pass to a common subsequence, which we 
still denote by (u n ) and (f n ) so that the sequences z n = -(u± + ■•• + u n ) and 

9n = + h /n) are a.e. convergent. If ip E Z' and </? > a.e. then (g n ) is 

weakly convergent to / in L 1 ^) and hence it must be also a.e. convergent to /. 

If z = lim n z n a.e., then Tz q < lim inf n Tz% so that z — Tz 9 > lim sup n z n — Tz q . 
However z n -Tz q n > \ YT k =i u k ~ Tu q k > g n . Hence z — Tz q > f and / G V. This 
completes the proof that V is weak*-closed. 

Now let V° = {h E Z' : J hf da < 1 V/ G V}. We show that /i G F° if and only 
if h E Z' + and 

/hp 
— — 1 da<pq p ~ 1 . 

First note that it is obvious that y° C iT^. 

Suppose h E V°. Select a sequence u n E Z + so that u n j q 1 ~ p (h/Th) p ~ 1 a.e. 
(Here 0/0 is interpreted as 0.) Then 

J(u n -Tu q n )hda < 1. 

Noting that -u n /i G L 1 we can rewrite this as 

J (u n h - u q n T*h) da < 1. 

Pointwise we note that u n h - u q n T*h ] V~ p ^7( T *fr) p_1 - So by the Monotone 
Convergence Theorem 

/hp 
———^da<pq p - 1 . 

Conversely suppose h > and 

/hp 
————da<pq p - 1 . 
(T^hy- 1 ~ 

Then if / < u — Tu q where u E Z+ we have: 

J fhda< J (uh - hTu q ) da 

= J {uh-u q T*h) da 

/hp 
p- x q x - p — , N T da < 1. 
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Now by the theorem of bipolars (or the Hahn-Banach theorem) we have V 00 = V. 
We also have (V — Z' + )° = V fl Z + = S. From this we obtain by the Hahn-Banach 
theorem that S° is the closure in Z' of the convex set V° — Z' + . In particular if 
g G S' = S°nZ' + and e > then there exists h G V° and g' G Z' + so that H^'Hz' < e 
and h + g' > g. 

Fix g = go G S' and e > 0. Then by induction we can construct sequences (g n ) 
and (h n ) so that h n G e n ~ 1 V°, \\g n \\z' < e n and g < hi + • • • + h n + g n . Clearly 

9 < E^=i h n = h say 
Now 

oo 

< ^ p_1 (^e (n " 1)/p ) P 

n=l 

<pq p - 1 (l-e 1 / p )- p . 
Since e > is arbitrary this completes the proof. □ 



3. Quasi-metric kernels and infinitesimal inequalities 



We will now specialize the positive operator T considered in the previous section. 
Let K be a positive Borel kernel function K : X xX — > (0, oo] (note that K(x, y) > 
for all x, y and that K(x, y) = oo is allowed). We will say that K satisfies the quasi- 
metric inequality if K is symmetric and there is a constant k > 1 such that for all 
x,y we have 



K(x,y) \K(x,z) K(z,y) 

Under these conditions it is natural to introduce the quasi-metric p(x, y) = 
(K(x, J/)) -1 . Note however that we do not assume that iif(a;,x) = oo and so 
p(x,x) > is possible. We can then also introduce the ball of radius r > i.e. 

B r (x) = {y : p(x,y) < r} 

but note that this set can be empty. 

One large class of examples is created by taking d as a metric on X and K(x,y) = 
d(x, y)~ a for some a > 0; this kernel defines an operator of fractional integral type. 
We will refer to a Borel set B C X as bounded if sup x y€B p(x, y) < oo. 

We suppose as in the previous section that there is given a a— finite Borel measure 
a on X. Let A^ + (X) be the space of all positive a— finite Borel measures on X. 
For each uj G A4+(X) we can define G L°' # (X,c7) by 



^(x) = / K(x,y) dw(y). 
Jx 

For / G L° (X,(t) we define 

Kf(x)= [ K(x,y)f(y)da(y) = Ku(x) 
Jx 
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where du = f da. (Thus we identify L° + as a subset of M + (X).) Sometimes we will 
write Kf = K° f to emphasize that K is defined on L+(X, a). 

It is natural to require that K defines a positive operator as described in Section 
2; this requires only the existence of a strictly positive function w so that Kw < oo 
a.e.; however, this assumption does not affect the results of the paper except to 
eliminate triviality. 

For 1 < s < oo we say / G L s loc if fxB G L s for every bounded Borel set B. We 
say that uj E A4 + (X) is locally finite if |_B| W < oo for every bounded Borel set B. 
Our first proposition gives an alternative formula for Ku. 

Proposition 3.1. Let u G M+(X). Then 

(3.2) Koj(x) = I l^Wk dr, xeX. 

Jo r 



Proof. For a fixed x G X, we can rewrite -ftTu;(a;), using the distribution function of 
K{x, •), as 

Ku{x)= I K(x,y)doj(y)= I \{y : K(x,y) > t}\ u dt. 
J x Jo 

Then the substitution r = 1/t gives 




which proves Proposition 3.1. □ 

Proposition 3.2. If K satisfies the quasi-metric assumption then Ku < oo a.e. 
implies that ui is locally finite. 

Proof. If B is a bounded set and \B\ U = oo then we can apply the representation 
3.2 to deduce that Kui{x) = oo everywhere. Indeed for any x there is a large enough 
r so that B C B r (x). □ 

One of our main tools is the following decomposition of K into its "lower" and 
"upper" parts. For any a > 0, let 

(3.3) L a (x,y) = m\n[K{x,y),a~\ (x,y) G X x X. 

If K satisfies the quasi-metric assumption (3.1), then obviously, L a also satisfies 
(3.1) with the same constant k. We now split the kernel into the lower part L a and 
the upper part U a = K — L a . 

Proposition 3.3. Suppose to G M + (X). Then 

(3.4) L a u(x) = [°° lBA f l - dr, x G X, 
and 

(3.5) U a u(x) = r l^A^k dr , xeX . 

Jo r 2 
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Proof. By Proposition 3.1, we have 

\B r {x) 



f 

j a uj(x) = 

Jo 



-dr, 



where B r (x) is a ball associated with the kernel L a . Obviously, B r (x) = B r (x) if 
r > a, and B r (x) = if r < a. This yields (3.4), and hence 

U a co(x) = Kuix) - / 5 dr = / - dr. 

Ja r 2 J r 2 

The proof of Proposition 3.2 is complete. □ 

As we will see in the next Proposition, the truncated kernel L a or lower part of 
the operator has certain stability properties for kernels satisfying the quasi-metric 
inequality: in particular L a u obeys a Harnack-type inequality on a ball B a (x) and 
(L a u))~ l is a quasi-concave function of a > 0. 

Proposition 3.4. Suppose that K satisfies the quasi-metric condition (3.1) with 
a constant k > 1. Suppose uj G M. + [X) 

(1) For all a,b>0, 

(3.6) L a uj(x) < max ^1, L b u(x). 

(2) For all balls B a {x), 

(3.7) — sup L a u) < L a uj(x) < 2k inf L a oo. 

2« B a (x) B a{x) 

Remark. It follows from (ii) that if K is an operator in the sense defined in Section 
2 so that for some w > a.e. we have Kw < oo a.e. then we must have that a is 
locally finite. 

Proof. If a > 6, then obviously L a u < L^uj. Suppose a < 6, so that S = b/a > 1. 
Then the substitution t = dr gives 



/•OO 

j a uj(x) = / 

J a 



[X 



dr = () / ''"^ 2 dl 



f \B t {x)\ u b 

<o -2 dt = -L a u(x). 

J b t a 



>b 

This proves statement (1). 

To prove statement (2), notice that if y e B a (x), then by (3.1) B r (y) C B 2Kr (x) 
for all r > a. Hence 



LMv)= rm>k dr < ri^k* 

-oo 



= 2k — — — dr = 2kK2k,o,^(x) < 2k L a uj(x). 

J2K,a r 

This proves the lower estimate in (3.7). The upper estimate is proved in a similar 
manner. The proof of Proposition 3.3 is complete. □ 

Now let us fix 1 < q < oo and consider the nonlinear equation 

(3.8) u = Ku q + f 

for u > 0, / > 0. As in the previous section let S = S q> K be the set of / for which 
(3.8) has a solution u G Zq_. 
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Proposition 3.5. If K satisfies the quasi-metric assumption then either S = {0} 
or S is bounded and nondegenerate. Furthermore, if S ^ {0} then for any bounded 
Borel set B there exists e > so that t\B G S. 



Proof. If S 7^ {0} then there exists k^O such that u > Ku q . But Ku q > a.e. so 
that u > a.e. Now by Proposition 2.7 we have pq p ~ 1 u G S since «4 n, u < u for all 
n e N. This shows that S 1 is nondegenerate. 

To check boundedness fix x E X and suppose that for some a > we have 
|-Ba(#)|cr > 0. Suppose ^ f E S and so / < u where Ku q < u. Then u > a.e., 



and it G L q loc . Further 



L a u q (x) > a' 1 / u(x) q da. 

JBJx) 



.(*) 

By Proposition 3.4 this yields that 



^ (/«.(-) U,dtT ) XB - ( ' ) ' 



We deduce immediately that |_B a (:r)| CT < oo (so that a must be locally finite if 
S 7^ {0}). We also note that exB a (x) < u for some e > which justifies the last 
statement in the Proposition. 

We continue the proof that S is bounded; we have 



/ u q da < 2Ka\B a (x)\~ 1 uda. 

JB a (x) JB a (x) 



i(x) J B a (x) 

Applying Holder's inequality 



/ uda<\B a (x)\^( [ 

JB a (x) \JB a 




Combining we get an estimate: 



/ u q da < (2 K a) p \B a (x)\- p/q . 

>B a {x) 



Since this holds for any such ball, it follows that the set S is bounded in L°. □ 

Thus Z q ^ either reduces to {0} or is a nondegenerate Banach function space with 
the norm induced by S Qj k- We also have xb G Z for any metric ball B = B a (x). We 
now prove an estimate on ||xs||.z; this is somewhat more complicated and requires 
some preliminary work. 

Lemma 3.6. Suppose x G X and a > 0. Let B = B a (x) and then Bj = B a2 -j(x) 
for j G N. Let Cj = (4Ka)~ 1 2 j \B j \ a . Then K\ B > 4>b where 4>b = Zlj>o c J^-Bj- 
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Proof. Let b = Ana. We have 



k Xb{v) = I ~ 2 dr 



o 



\BnBMl dr 



^ oo 

-U+i)(y)\a 

1 oo 



since if y G -Bj then Bj C B n B b2 -u+i) . □ 
Lemma 3.7. Suppose < s < oo. T/ien 

£ (JTI)^ +1 - 

Proof. Let (p = 4>b- We also let /?,• = X^=o c * ( an< ^ = We will use the 
inequality that - < (s + l)cj/3?. 
We start with the observation that 



4° = a i* B i 



where ctj = (3? — . Note that Kxbj > YlTLj c iXBi by Lemma 3.6. It follows 
that 



oo oo 



3=0 i=j 
oo i 

i=0 j=0 

oo 

= J2 c ^XB i 

oo 



8 + 1 

This completes the proof. □ 
Now we introduce the quantity 



+ -*=o 
' S+1 . 



" a \B r (x 

/( 

Here 1 = X x- Thus £/ a (l) = U a a. 



M(x,a)= [ i ~'~ ( ; no dr = U a (l)(x). 
Jo r 
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Theorem 3.8. If Z ^ {0} and B = B a (x) then 

C(q) (£^)) P/ ' £lkB | U . 

Proof. This is trivial if \B\ a = 0. Otherwise, define (p = 4>b as in Lemmas 3.6 and 
3.7. Let Af = Kf« as in Section 2. Then Axb > <f> and A(j) s > (sq + 1)" It 
follows by induction that 

A n XB > n (i + ? + ? 2 + • • • + ^)- flB " i " 1 

= C(n, 9 )^"- 1 )/^- 1 ). 

Then 

limsup(^ n xs) 1/9 " > lim C(n, g) 1/<? " 0- 1/(<? - 1} . 

n — >oo n >oc 

Clearly, 

oo 

lim C(n, = TT(1 + q + q 2 + ■ ■ ■ + q j y 



J = l 

OO oo 

= n ( i~ jq ~ 3 ~ 1 ri( i + + + • • • + 

j=i i=i 



OO OO 



= Q" (g_1)2 (1 - q- 1 ) 1 /^- 1 ). 

Thus 

limsup (A n X B) 1/qn > q- {q ~ 1)2 (1 - cT 1 ) 1 /^-!) </> 1/(9 - 1} . 

n — >oo 

Appealing to Theorem 2.10 we obtain 

\\Xb\\z > q-< q ~ 1)a (1 - q- 1 ) 1 ' 9 ^ H\\ P J> q - 
It remains to notice that by definition of <fi 

oo 



oo — / Cj 



j>0 



4k Jo r 2 

This completes the proof. □ 
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Corollary 3.9. A necessary condition for Z ^ {0} is that for any a > we have 
M*(x,a) = sup yeBa{x) M(y,a) E L™ c . 

Proof. Note that if y E B a (x) then B a (y) C B 2Ka {x) so that 

M(y,ay/«<C(q) {^Ub^) \\ z . 

□ 

The following Theorem introduces an inequality we name the infinitesimal in- 
equality; this is a necessary condition on a measure u> so that Ku E Z. 

Theorem 3.10. (The infinitesimal inequality.) Assume that K satisfies the quasi- 
metric condition. Then there is a constant C = C(k) so that if u E Ai + (X) 
satisfies Ku E Z then for every x E X, 

( 3. 9 ) sup (/™ d A* /a {r^4<ci M2 . 



a>0 IJo 



Remarks, (a) The conclusion is that (3.9) holds everywhere: however, when work- 
ing with the infinitesimal inequality later it will only be necessary to assume that 

(3.9) holds a— a.e. for each a > 0. 

(b) There is an appealing alternative form of this inequality (in the almost every- 
where form), namely 

(3.10) sup WiUaa^iLau) 1 ^ < C'WKuW 1 ^. 

a>0 

Proof. We note that for all a > 0, x, y E X if B = B a (x), then 

Xb{v) L a u{x) < 2KL a u(y) 

by Proposition 3.4. Hence 

L a uj(x) \\xb\\z < 2k 

and by Theorem 3.8 

L a oo(x) M(x, a) p/q < C\\Kuo\\z 
where C = C(k). This yields (3.9). □ 

Corollary 3.11. There is a constant C = C(k) so that if f E Z + , then for every 
x E X, if du = f q da 



(3.1D ^^—-dtj <c\\ f \\ z . 

Proof. Here Ku = Kf q E Z so that by Theorem 3.10 



a>0 Uo 



However \\Kf q \\ < pg p_1 ||/||| (Theorem 2.10) and so the result follows. □ 
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4. Weighted norm inequalities and nonlinear integral equations 



In this section we prove some of the main results of the paper (Theorems 4.8 and 
4.9). We develop connections between the solvability of (2.1) and weighted norm 
inequalities, which clarifies the role of the infinitesimal inequalities and testing 
conditions of Sawyer type. Simple criteria of Koosis type (see [18]) are given for 
W p ,k and Z Q: k to be nondegenerate Banach function spaces. Sharp estimates of 
||xb||.z k for a ball B = B r (x) are obtained. We retain the assumption that K 
satisfies the quasi-metric condition (3.1). 

We recall from Section 2 that / G L° is an L p -weight for K if there is a constant 
7 > such that 



(4-1) J |/| 



Kg\ p da < C / \g\ p da 



for all g G L p (a). The space of IP— weights is denoted W P: k- Since K(x,y) > 
for all x,y if K defines a positive operator it is strictly positive and we have that 
W Pt K under the norm / — » ||/||w = inf {C : (4.1) holds} is a nondegenerate 
Banach function space on (X, a) provided the assumption that L p C T>(K) holds 
(and this condition is clearly also necessary). Even without this assumption it 
is clear that {/ : ||/||w < 1} is a bounded subset of L°. We recall also that 
y = yp,K = {/ : \ f\ q € yV P ,K}', if W is a Banach function space then so is y with 
the associated norm / — > |||/| 9 ||^ 9 . 

We first prove a simple criterion for yV p ,K to be a Banach function space on 
(X, a) . To do this we introduce the quantity 

N(x, a) = J L a (x, yY da(y) = £ ^^dt. 

It is immediate that if N(x, a) < oo for some x, a then a is locally finite and that 
N(y, b) < oo for every y G X, and b > 0. This follows from applying Proposition 
3.4 to the modified kernel K(x,y) q . 

Proposition 4.1. (1) If L p C T>(K) then a is locally finite and for every a > 0, 
N(x, a) < oo. 

(2) If for every a > and x G X we have N(x,a) < oo and M*(x,a) < oo then 
IP C T>(K) (and hence there exists w G W Pi k with w > a.e.). Furthermore we 
have the estimate 

\\XB a{x ) || w < C(\B a (x)\ a N(x, a) p /« + M*(x, 2 K a) p ) 
where C depends only on k. 

Proof. (1) Pick a ball B = B a (x) with \B\ a > 0. Then we can apply Proposition 
3.4 again to get that 

Kf>(2K)- 1 L a f(x) XB . 

If L p C V(K) this implies that L a f(x) < oo for all / G LP so that N(x,a) < oo. 
This contradiction implies N(x, a) < oo for all x G X and a > 0. 
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(2) It will suffice to prove that for every ball B = B a (x) we have xb £ VV. Note 
first that if y G B then by Proposition 3.4 and Holder's inequality 



L a f(y)<2KL a f{x) <2kN{x,o) 



1/9 



V 



Hence 



l B (L a frda<(2 K rN(x,ar^\B\ a J f* da. 
Now if y G B then UJ(y) < M(y, a^f^ < M*(x, a) \\f\U Hence 

WXBUafWoo^M^x.a) ll/IU. 

Also 

U a f(y)da(y)< [ ( [ K(y, z) da(y)) f(z) da(y) < M*(x,2kcl) \\f\l,. 

B JB 2Ka {x) \JB a (y) J 

By the Riesz interpolation theorem 

J^U a f) p da<M*(x,2 K a) p J f p da. 

The Proposition now follows by combining the estimates for L a f and U a f. □ 

Proposition 4.1(2) gives a situation in which W is nondegenerate which is suffi- 
cient to cover our main interests in this paper. However it is possible to prove more 
general results which can be regarded as extending previous Koosis-type theorems 
due to Rubio de Francia [42] and Sawyer [43] for the Riesz potential. 

Proposition 4.2. Suppose K satisfies the quasi-metric condition and that n is a 
nontrivial a— finite Borel measure on X such that for every x G X and a > we 
have 



M*(x, a) = sup P \ Bt ^ dt < oo. 

yeB a (x)Jo t 



Let a be a ^-continuous a— finite Borel measure on X. Then for (X,a) we have 
Wp,K nondegenerate if and only if 

N{x,a)= r <oo 



for some (and hence all) x G X, a > 0. 



Proof. The necessity of the condition is proved in Proposition 4.1. For the converse, 
we remark first that we can replace \x by its a— continuous part and hence assume 
dfi = w da for some strictly positive weight function w. We must show that if 
< f E L p (a) then Kf < oo a.e. Indeed in this case let B = B a (x) be any ball. 
Then 

sup L a f(y) < 2 K L a f(x) < 2nN{x,a) 1 ' q \ 
yeB 
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Also 



L 



wU a fda = / U a (x,y)w(y)da(y)da(x) 

JveB J Bo Kn (x) 



B JyeBJB 2Ka {x) 

M(y,a)f(y) da(y) 



Ib 



<M*(x,2Ka)\B 2Ka \ 1 J q 

This shows that XB^f < oo a— a.e. □ 

The following result was proved for the special case when K is the Riesz potential 
in [42] and [43]. 

Proposition 4.3. Suppose K satisfies the quasi-metric condition and that a is 
a a— finite Borel measure on X such that for every x G X and a > we have 
M*(x, a) < oo. Let v G L+. In order that there exist w G with w > whenever 
v > and 

(4.2) J (Kffwda <C J f p vda 

for all f G L p (y da) it is necessary and sufficient that 

L a {x,y) q v{y) 1 - q da{y) < oo 



/ 



for some (and hence all) i£l and a > 0. 

Proof. By replacing X by Xq = {x : v(x) > 0} and restricting a we can suppose 
v > everywhere, let dv = v 1 ~ q da and let K v f = K(v~ q / p f). Then if we put 
/ = ipv~ q / p then (4.2) becomes equivalent to 



{K u v) p {w/v) dv<C J f p dv 



and so the result reduces to Proposition 4.2. The necessary and sufficient condition 
required is that 

J L a (x,y) q dv < oo 

for some i£l and a > 0. □ 

We may also study weighted norm inequalities for measures uj G M + (X). We 
define W p ,k to be the cone of uj such that for some constant C > we have 

(4.3) J \Kg\ p du <C J \g\ p da 

for all g G L p . Of course if uj is a— continuous then we can write duj = f da and / 
satisfies (4.1). 

The following characterization of (4.3) is due to Sawyer and Wheeden [43], [44] 
(see also substantial improvements in [45] and [54]) under the hypothesis that X 
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is a homogeneous space in the sense of Coifman- Weiss [11] equipped with a quasi- 
metric d(x,y) and doubling measure \i such that \B 2 r(x)\ IJj < C \B r (x)\^ (where 
B r (x) = {y : d(x,y) < r}): Suppose K(x,y) is a kernel satisfying the inequalities 

(Kl) K(x,y)<C 1 K(x',y) if d(x' , y) < C 2 d(x, y), 

and 

(K2) K(x,y)<C 1 K(x,y') if d(x, y') < C 2 d(x, y) 

for some C\ > 1 and C 2 > 1. Suppose that all annuli with respect to d are 
nonempty. Then (4.3) holds if and only if both of the following testing conditions 
hold, 

(4.4) / (Ka B ) p du < C \B\ a 

Jx 

and 

(4.5) / (K*w B )«d<T<C\B\ u , 

Jx 

for all balls B associated with d; here do~B = Xb da, K* is a formal adjoint, and as 
usual 1/p + 1/q = 1, 1 < p < oo. Under certain mild assumptions it can be shown 
that (4.4) and (4.5) are equivalent to similar inequalities with integration over B 
in place of X on the left-hand sides. (See [46] and [54].) 

Observe that if K(x, y) = l/d(x, y) then (Kl) and (K2) hold automatically with 
C\ = C 2 = 1 and thus the testing inequalities (4.4), (4.5) characterize W P: k- As is 
shown in [53], under some assumptions on X every kernel K which satisfies (Kl) 
and (K2) is controlled by its symmetric "dyadic" analogue K d which satisfies the 
quasi-metric inequality and is pointwise smaller than K; moreover, weighted norm 
inequalities for integral operators generated by K and K d hold simultaneously so in 
the setting of homogeneous spaces our quasi-metric assumptions and (Kl) — (K2) 
are in a sense equivalent. 

Remarks, (a) We emphasize that these deep two weight results with difficult and 
rather technical proofs are not used in the present paper. For our purposes it suffices 
to use simpler pointwise characterizations of weighted norm inequalities discussed 
in this section. However, the second testing condition (4.5), with B in place of X 
on the left-hand side, plays an important role in our approach to the solvability 
problem for the equation u = Ku q + f. 

(b) It is easy to give a nonsymmetric version of our solvability results in the frame- 
work outlined above; we do not consider it here to avoid unnecessary complications. 
For the applications we have in mind it is more convenient to restrict ourselves to the 
case of possibly nonsymmetric kernels K such that K(x,y) x s\(x) Kq(x, y) s 2 (x) 
where Kq(x, y) is a quasi-metric kernel and s±, s 2 are arbitrary positive weight func- 
tions. These generalizations are obtained in Sec. 7 together with applications to 
nonlinear Dirichlet problems. 

We start with the following proposition which is basic to our results and explains 
the significance of the quasi-metric assumption for weighted norm inequalities. 
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Proposition 4.4. Let K be a kernel which satisfies the quasi-metric assumption. 
Then for any g G L 0+ , and 1 < s < oo, 

(4.6) (Kg) s < CKigiKgy- 1 ), 

where C = s(2k) s ~ 1 . 

Remarks, (a) Proposition 4.4 shows that integral operators with quasi-metric ker- 
nels resemble Hardy's operator Kg(x) = J* g(t) dt which obviously has the property 
(Kg) s = sK(g(Kgy- 1 ). 

(b) A different proof valid for kernels satisfying assumptions (Kl) and (K2) is given 
in [53]. 

Proof. Let dv = gda. By Proposition 3.1, 



Kg{x) = Ku(x) = r |£?r( * dr. 

Jo r 



Clearly, we have 



OO / POO 



2 



t 2 / r 



We estimate the inside integral by Proposition 3.3. For y G B r (x), we have 

y LjA_Z^ = L^(x) < <lKL r g{y) < 2 K Kg(y) 1 
where L r g is the "lower part" of Kg. Then 

(if#(aO) s < s(2k) s / ^ , rfr 

Jo r 

= s(2 K y- 1 K(g(K° g y- 1 )(x), 
which completes the proof of Proposition 4.4. □ 

Proposition 4.5. Suppose K satisfies the quasi-metric condition and that u> G 
Ai+(X). Suppose Ku G Y p ,k or equivalently (Ku) q G W p ,k is an LP — weight for 
K. Thenu G W PtK (i.e. (4.3) holds). 

Proof. Suppose < g G L p (a). Then, if C is the constant of Proposition 4.4, 



(Kgfdw <cj K(g(Kgf- l )du; 

= C J g{Kgy- x Kujdo 



<C[ I gi'dcr) ^ ( l{Kgy{Kujyda 



<C\\{Kuy\\]^\\g\\l 
= C\\Ku\\y\\g\\l. 
This completes the proof. □ 
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Theorem 4.6. Suppose f G L° + and f G Z q>K . Then f G y p ,K (so that f q is an 
L p — weight for K) and there is a constant C = C(q,K) such that \\f\\y < C\\f\\z, 
or equivalently ||/ 9 ||w < C||/||^- 

Proof. Suppose first that Kf q < /. If / is not zero then / > a.e.; furthermore 
under this hypothesis, a is locally finite i.e. \B\ a < oo for all bounded sets B. Let 
< g G L°° with || (7 ||p = 1 be supported in a bounded set B. Then note that on B 



where a = inf {K(x, y) : x,y G B}. Hence / > c > on B and so xbJ < c 1 q f q 
and K(xBf) < c x ~ q f. Now for any 1 < s < oo if C s = s(2k) s " 1 , 



Since \B\ a < oo this implies by induction that Kg G L s for every integer s and 
hence all s. We now take s = p. 



Since the left-hand side is finite and \\g\\ p = 1 we can now cancel and obtain 



so that f q G W P:K and < C = C{p, k). 

Now if / G S = S q ^K there exists u > f with Ku q < u and hence \\f\\y < C. 
The general case now follows by homogeneity. □ 

Remark. We conclude that if Z ^ {0} then W ^ {0} and K satisfies the condition 
L p C T>(K). It follows that W and Y are then both Banach function spaces. 

It is now possible to characterize the solution space Z by means of weighted 
norm inequalities, although the result is rather technical: 

Theorem 4.7. Suppose f G L+. Let fo = f , and define (f n ) inductively by f n = 
Kfn-i- I n or der that f G Z it is necessary and sufficient that each f q G W p ,k an d 
that if C n is the least constant so that 
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for allO<ge LP, then sup C x J qn < oo. 

n>0 

Proof. It is a direct consequence of Theorem 2.10 that / G Z if and only if 
sup n H-A^/Hy < oo. (This proof tacitly assumes that Z ^ {0}; however this 
case can be argued similarly since the set of h such that \\h\\w < 1 is bounded in 
L°). □ 

Theorem 4.8. Let uj G .M+(X). Consider the following conditions on uj : 
(1) u! G W Pi k i-e. t/iere is a constant C so that 

(4.7) J (Kg) p du <C J g p da 

for all0<g G L p (a). 

(%) cj satisfies the second testing inequality (4-5) i.e. there is a constant C so that 
every ball B we have 



(4.8) / (Koj b ) 



q da <C\B\ 



(3) u satisfies the infinitesimal inequality (3.9) a.e., i.e. for some constant C and 
a-a.e. xGl, 

( , 9) f> p{f^r{/;^},. 

Then the following are equivalent: 

(i) Kuj G Z qjK . 

(ii) For some constant C we have K(Ku) q < C Kuj < oo a.e. 
(in) u> satisfies (1) and (3). 

(iv) uj satisfies (2) and (3). 

Remarks, (a) It follows from Proposition 2.7 (3) that if K(Kuo) q < q^p 1 '' 1 Ku 
then Ku G S^^; i.e. the equation u = Ku q + Kuj has a solution u such that 
Kuj < u < p Kuj. 

(b) Let T be an ideal space of measurable functions (e.g. T = L r , < r < oo). 
Then by Theorem 4.8 and the preceding remark, there exists a solution u G T of 
the equation u = Ku q + e f for some e > if and only if Kuj G T fl Z qy x- 

Proof of Theorem 4-8. That (ii) implies (i) is immediate from Proposition 2.7. For 
(i) implies (iii), we note first that Theorem 4.7 implies that Kuj G y p ,K and so 
Proposition 4.5 gives ui G W P; k i-e. (1) holds. Theorem 3.10 implies (3) holds. It is 
trivial that (iii) implies (iv). Hence it remains only to prove that (iv) implies (ii). 
We let C denote the constant in both (4.8) and (4.9). Note that if r > 0, 

(Ku) q < 2 q ~ l ((L r uj) q + (U r u) q ). 

Let dv = (Ku)) q da; for each r > let d\i r = {U r ui) q da and d\ r = (L r ui) q da. 
Suppose x G X. Let B r = B r (x). Since K(Kui) q = Ku, we have to prove that 



r°° I r I 

Kv(x)= —^olr <C Ku(x), 
Jo r 



32 



where C depends on C, q, and k. 

It is easy to see that U r uj = U r u)B 2Kr on B r . Using this together with (4.8) we 
have 

\B r \^= f (U r u) q da= f {U r UB 2Kr ) q da < C\B 2Kr \ u . 



Hence 



/•oo I r> I poo I td I 

/ l^J^dr < C / ^p^dr 
Jo r Jo r 



(4.10) =2CkKuj(x). 
On the other hand 

\B r \ Xr = [ (L r u) q da < (2K) q (L r u(x)) q \B r \ a 

by Proposition 3.4. Thus 

r°° l r l r°° / r°° I r I \ i I r I 

Now we use integration by parts to replace the right-hand side R by 



l-^Mcr , \ ( f°° \Bt\oj . \ q 1 \B- 



R = q {2.y I [ I ^dr / ^dr ^dt. 



At this point the infinitesimal inequality (4.9) allows to estimate 

r°° \b I 

(4.11) R<Cq(2n) q l -^dt = Cq(2n) q Kuj(x). 

Jo t 

Combining these two estimates (4.10) and (4.11) and the fact that v < 2 q ~ 1 (X r + 
fi r ) gives that 

fOO I r> I 

/ l^dr < C Ku(x) 
Jo r 

for a suitable constant C = C C"(q, k). Thus (iv) implies (ii) as claimed. □ 

Theorem 4.9. Suppose K satisfies the quasi-metric condition. Suppose f G L+. 
Then the following conditions are equivalent: 

(1) f e Z q ^K i-e. there exists e > such that there is a solution of u = Ku q + ef. 

(2) There exists C > such that K(Kf q ) q < CKf q < oo a.e. 

(3) f G y p ,K and the measure u given by du = f q da satisfies the infinitesimal 
inequality (4-9). 

(4) The measure u> defined by dw = f q do satisfies both the testing condition (4-8) 
and the infinitesimal condition (4-9). 

Remarks, (a) By Proposition 2.7 (4) it follows that if K(Kf q ) q < q-Qpii 1 -?) Kf q 
then / G S Qj k i-e. the equation u = Ku q + f has a solution u such that 

f + Kf q < u <f+p q Kf q . 

(b) Theorem 4.9 and the preceding remark yield the following criterion of the exis- 
tence of solutions to the equation u = Ku q + e f belonging to some ideal space of 
measurable functions T (e.g. T = L r , < r < oo): There exists a solution u G T 
(for some e > 0) if and only if /, Kf q G Z q , K n T. 

Proof of Theorem 4-9. This is simply a restatement of Theorem 4.8 once one makes 
the observation that / G Z Qj k if and only if Kf q G Z qy x (either Proposition 2.7 or 
Theorem 2.10 ). □ 
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Theorem 4.10. Suppose K satisfies the quasi-metric condition and that x G X 
and a > 0. Then the following conditions are equivalent: 

(1) Z q , K ± {0}. 

(2) We have N(x,a) < oo and sup r>a r q / p M*(x,r) < oo. 

Proof. Assume (1). Then W D Z contains a strictly positive function and hence 
by Proposition 4.1, we have N(x,a) < oo. To prove the second condition we can 
replace a by any b > a where \B b {x)\ a > 0. Let us therefore suppose \B a (x)\ cr > 0. 
Then XB a (x) £ Z- It follows that we have the infinitesimal inequality for XB a (x)- 
Thus 

sup supM(y, r) p/q / g at<C. 

yeX r>0 ' J r t 

Assume r > a and y G B r (x). Then for t > 2kv we have B t (y) D B a (x). Hence 

M{y,rY^\B a {x)\ a <2CKr. 

This implies the second part of (2). 

Conversely assume (2). Then again we can assume that \B a (x)\ (T > 0. By Propo- 
sition 4.1, we have that XB a (x) £ VV. Now we verify the infinitesimal inequality 

j f / , p/q f°° \B a (x)r\B t {y)\ a u ^ 
sup M(y,r) p/q / ^ at < oo. 

Let C — sup r > a r Suppose first y G B2 Ka (x). Then if r < a, 



t 2 



dt 



< M(y, a) + \^Mk < c(k) M*(x, 2/ca). 
a 



Hence 



If r > a 



M(y,r) p / q J™ \^MllEMk dt < c(«,p) M*(z,2^a) p . 



M(y,r) p /« \ B *( x ^Bt(y)\<, dt < m^^i^^)]^-! < CP/«|S a (x)| ff . 

Now if y ^ i?2Ka(^) we set 6 = p(x,y)/(2K). It follows from the quasi-metric 
inequality that B a (x) H B t (y) = $ t < b. Hence 

Since y G i?4 K b(a;), we have 

<4«C?P/«|S a (x)| <T . 

Thus the infinitesimal inequality holds and so Xs a ( x ) G 2. But this means that 
Z contains a strictly positive function. □ 

There is an implicit two-sided estimate of ||xs (a;) \\z in the preceding theorem: 
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Corollary 4.11. Suppose K satisfies the quasi-metric condition and that x G X 
and a > 0. Let 

$(x,a) = \B a (x)\l /q N(x,a) p/q2 + M*(x,a) p/q 
+ \B a (x)\ 1 J q sup r-V q M*(x,r) p / q2 . 

r>a 

Then 

Ci $(x, ^) < ||xb (x) \\z < C 2 $(x, 2ko), 
where C\ and C2 depend only on k and p. 

Remarks, (a) It is not difficult to see that if a is doubling then 

\\XB a{x) \\z x \B a {x)\V q N(x, ay/ q2 + M*(x, afl q 

+ \B a (x)\l/ q sup r- 1 / q M*(x,r) p / q2 , 

where the constants of equivalence depend only on k and p. 
(b) It follows from Corollary 4.11 that ||1||^ x \\Kl\\ p L /q . 



5. Capacitary inequalities and criteria of solvability 



In the previous section we saw that if / > is such that there is a positive 
solution of the equation 

(5.1) u = Ku q + f 

then (if K is a quasi-metric kernel) there is a corresponding weighted norm inequal- 
ity 

(5.2) J(Kgff q da<C J g p da, 

for all g > 0. This can be rewritten in terms of function spaces as Z q ^x C y p , pe- 
lt is natural to ask for a converse result, i.e. for conditions on K so that the 

weighted norm inequality (5.2) implies that there exists e > such that the equation 

u = Ku q + ef has a positive solution. This would imply that y p ,K = Zq,K- The 

aim of this section is establish such conditions. 

We will use the notion of capacity associated with (K,p, a). We define 



where we stress that we require Kg(x) > 1 for every (not almost every) x G E. 
The theory of these capacities and the corresponding potential theory (which is 
usually called nonlinear potential theory in the nonclassical case p 7^ 2) is due to 
B. Fuglede, N. G. Meyers, V. G. Maz'ya and V. P. Havin, Yu. G. Reshetnyak; a 

35 



weighted theory, for da = v dx, where v G A^, was developed by D. Adams [1] (see 
also [2], [24], [35], [57], and the literature cited there). 
If co G M. + (X) then the capacity condition 



(5.3) \E\ U < CCap E 

for every Borel set E is easily seen to be equivalent to the weak-type weighted norm 
inequality, 



(5.4) \{Kg(x) > \}\ u < OX-? (| g^da^j 



i/p 



for all g > 0. In general (5.3) does not imply the corresponding strong-type inequal- 
ity 

(5.5) j{KgYPdu<C J gPda, 

but in certain cases this is true. In particular (5.3) implies (5.5) for Riesz potentials 
or more general convolution operators with radial decreasing kernels on R n if a G 
Aooj see [2], [21] and [34]. In this section we will find some new classes of measures 
a for which this implication holds (see also [52]). 

We will also introduce another concept of capacity given by 

cap E = inf {J g v da : Kg > xe, o~ — a.e., g > 0}. 

It is clear that cap E < Cap E; in fact cap E = inf {Cap F : F G E, \E\F\ a = 0}. 
We also note that cap E = \\xe\\w by applying the results of Section 2. If u> is 
absolutely continuous with respect to a then (5.3) is equivalent to 

\E\ U < C cap E 

for every Borel set B. 

We first observe that the capacity condition implies the second testing inequality. 

Proposition 5.1. If u satisfies the capacity condition (5.3) then to satisfies the 
testing condition (4-8). 

Proof. By the remarks above, and duality ([31]) K : L q ' x {uj) — > L q (u) is bounded 
where L 9 ' 1 is the Lorentz space of all Borel functions / such that 



POO 

/ t 1/q - l f*(t)dt<oo 
Jo 



(here /* is the decreasing rearrangement of /). One immediately obtains (4.5) by 
applying K to a characteristic function. □ 
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Proposition 5.2. Suppose E is a Borel subset of X . Assume that L p C T>(K) 
so that yV p ,K is a Banach function space on X. Then given any Borel set E with 
cap E < oo and any e > there exists w G L 1 (E, a) with f E w da = cap E and so 
that we have 

J (Kffw da < (1 + e) J f p da 

for all f G LP (a). 

Proof. This follows from our earlier identification of W = V (see Section 2). From 
the definition of cap E we have ||X-b||v = ca P E and so there exists w G W with 
HHIw < 1 + e and J wxe = cap i?. Replacing iu by w\e gives the result. □ 

Our next result is closely related to the concept of an equilibrium measure (see, 
for example [2] in the case of Riesz potentials and da = dx). 

Proposition 5.3. Let us assume that K is a quasi-metric kernel such that p = 
K~ l is continuous. Suppose also that a is locally finite. Then for any compact 
set E with Cap E < oo there is a Borel measure ui supported on E such that 
\E\u = Cap E and we have the inequality 



(KfYdu < J Fda 



for every f G L p (a). 

Proof. Fix any x G X. For all r > and s > it is easily seen that if / G 
L p (B r (xo)) then L s f is continuous on E. Since L s (x, y) is continuous and bounded 
this follows immediately from the Dominated Convergence Theorem. 

Now consider the convex set F of all functions in the space of continuous real- 
valued functions on E, C(E) of the form J2™ =1 (L s .fi) p — xe where < Sj < a, 
fi G B r .(x ) for some a < r, < oo and I fi da < Ca P E - Let p = if e c i E ) '■ 
f(x) > Vx G E}. We claim that F n P = 0. Indeed if not there exist s i5 fi as 
above with and e > so that 

n 

Y J {L 8 Ji) p >{l + e)xE. 
i=i 

But then 

n n 

i=i i=i 

which contradicts the definition of capacity. 

Now since the cone P is open the Hahn-Banach theorem and Riesz representation 
theorem combine to give a measure uj such that j f da > for all / G P and 
/ / da < for all / G F. If we normalize so that {E]^ = Cap E then we have 



/ 



{L s fY < 1 



whenever s > 0, / has bounded support and J f p da < 1. This implies the result. □ 
Now let us introduce for x G X and a > the quantity 

N(x, a) = £ l -^^dt = J x L a (x, yyda(y). 
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Definition. We shall say that a locally finite Borel measure \x is stable with respect 
to K if there exists a constant C > and 5 > so that and for every x G X and 
0<r<R<oowe have 



\B 2R (x)\^<C\B R (x)\^ and \B r (x)\„ < C (^) \B R (x)\^ 

We remark that of course if if is a Riesz potential on R n (i.e. K{x, y) = 
c\\x — y\\~ a where < a < n) then Lebesgue measure A is stable for K. More 
generally if X is a space of homogeneous type with quasi-metric d and a doubling 
measure fi then fx is stable for K(x,y) — d(x,y)~ a where < a < 1 ([20]). 

Theorem 5.4. Suppose K satisfies the quasi-metric condition. 

(1) There is a constant C so that for any for any ball B a (x) we have 

(5.6) Cap B a (x) < CN(x, a)~ p / q . 



(2) Suppose that there exists a measure [i G A4 + (X) which is stable for K. Then 
there exists a constant C so that for every ball B = B a (x) we have 

(5.7) C _1 iV(x, a)~ p/q < Cap B a (x) < CN(x, a)~ p/q . 

(3) Suppose that there exists a a -continuous measure \x which is stable for K . Then 
there exists a constant C so that for every ball B = B a (x) we have 

(5.8) C- 1 N(x,a)- p/q < cap B a (x) < Cap B a (x) < CN(x,a)~ p/q . 



Remarks. In particular we obtain equivalence Cap B a (x) ~ N{x,a)- p / q for the case 
R n and any measure a; we obtain the further equivalence cap B a (x) ~ N(x, a)~ p ^ q 
for any a of the form da = w(x)dx where w(x) > a.e. For measures in class 
this result was previously shown by Adams [1]; the upper estimate (5.6) was 
proved for arbitrary measures by Turesson [51] in the case of Riesz potentials. For 
the case da = dx and more general radial convolution operators, a similar result 
was obtained by Aikawa (see [4]). 

Proof. (1) Let g(y) = L a {x,y) q -\ Then 

J g{y) p da{y) = J L a (x,y) q da(y) = N(x,a). 

We also have 

Kg(x) > L a g(x) = J L a (x, y) q da(y) = N(x, a). 

Applying Proposition 3.4 we obtain 

Kg< (2K)- 1 N(x,a) XBa ( x )- 
Hence Cap B a (x) < (2k) p N(x, a)~ p / q . 
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(2) Suppose g G L p (a) and Kg > \b where B = B a (x). Then 



L a!J U)< 1 / L a (.r,y)" ( la(y)\ ( I ' gWMv) 



Then 

L a g(x) < N{x,a) l ' q \\g\\ p 

and thus if y G B a (x), 

L a g{y) < 2KN(x,a) 1 / q \\g\\ p . 

Hence 

(5.9) / L a gd^<2 K \B\^N(x,a) 1 / q \\g\\ p . 

JB 

On the other hand 

U a gd/j = J U a /j B gda 
U a ngda 



< ( / (U af i)«da) \\g\\ p , 



where B* = B 2Ka (x). 
Now we estimate 



for a suitable constant Ci since \i is stable for K. But if y G B* then B a (y) C 
-B K ( 2 K+i)a( a:; ) so that iSad/)!^ < C^2 1 I again by the stability condition. Hence 



/ ^d//<c 3 |B| M |s*iy«iMi P . 



Observe that \B*\l /q < C 4 N(x,a) 1 / q where C 4 = C 4 («). Combining with (5.9) we 
obtain 



Jb 



which gives the lower estimate since Kg > xb (everywhere). 

(3) The proof is the same as (2) except for the final observation note that if 
Kg > xb cr-a.e. then Kg > xb £t-a.e. □ 

Before moving to our main result of this section, let us prove a preliminary 
lemma. 
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Lemma 5.5. Suppose K is a quasi-metric kernel with the property that there is a 
constant C so that for every x G X and a > we have M(x,a) < Ca q ~ 1 N(x,a). 
Then there exists a constant C so that for every x G X and a > we have 

/q [<*> N(x,t)-r/« 



(5.10) M(x,a) p/q I v ' ; dt<C. 



Proof. First we observe if M(x, a) < Ca q 1 N(x, a) then 

Jo < 2 " Ja "A * 2 

so that for every x G X we have lim a _ ) . 00 M(x, a) = oo. For fixed x & X and a > 
let us define a* > a so that 

M(x,a*) = (l + ^)M(x,a). 

We claim now that M(x, a) < 2Ca q ~ 1 N(x, a*). To see this note that 
M(x,a) < Ca q - 1 N{x,a) 

= Ca i-i r Wg) l^ + Ca^Nfaa*) 
Ja ^+ q 

< C(M(x, a*) - M(x, a)) + Ca q ~ 1 N{x, a) 
= -M(x,a) +Ca q - 1 N(x,a). 

The estimate then follows. 

Now for fixed a define a sequence (aj)°^ inductively by ao = a and then aj = 
ttj-i- We have 



J a & •_ nJa-j * 



j = 

oo 

< M(x,a)^J]iV( ; r,a, +1 )-^a- 1 
i=o 

oo 

< (2<7) p /«M(x,a) p/ «^M(a;,a i )~ p/ * 

oo 



= (2<7)*/«jr(i + ^)-w/* 



2C" 



say. This completes the proof of the lemma. □ 

We can now state our main theorem of the section: 
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Theorem 5.6. Let K be a quasi-metric kernel. Assume that N(x, a) < oo for all 

x G X and a > and that there is a constant C so that for every x G X and a > 0, 



(WD r\3Mk dt < Ca ^ r\3Mk dt 

JO t J a 



t l+q 



(i.e. M(x,a) < Ca q ~ 1 N(x,a)). Suppose uj G M+(X). Then Z q , K ^ {0} and the 
following statements are equivalent: 

(1) uj G yV P ,K i-e. uj satisfies the weighted norm inequality 

\Kg\ p du <C J \g\ p da 

for all g G L p (o~). 

(2) uj satisfies the capacity condition \E\ U < Cap E for all Borel sets B. (Equiva- 
lent^ the weak-type inequality (5.4) holds.) 

(3) uj satisfies the testing condition 



I 



(Kuj B ) q da < C\B\ 



for all balls B. 

(4) Kuj G Z q ^K i.e. for some e > there is a solution u of the equation u = 
Ku q + eKu. 

(5) There is a constant C so that K{Kui) q < CKu. 

Proof. Let us first prove the nondegeneracy of Z q ^K- Fix any x & X and a > 0. If 
r > a and y G B r (x) then M(y,r) < Cr q ~ 1 N(y,r) < C'r q ~ 1 N{x,r) where C,C 
do not depend on r. Hence M*(x,r) < C'r q / p N(x,a) and we can apply Theorem 
4.10. 

The equivalence of (4) and (5) is proved in Theorem 4.7. We have seen that (1) 
implies (2) and (2) implies (3) (Lemma 5.1). We also have that (5) implies (1) by 
Theorem 4.8. It remains to show that (3) implies (5). For this by Theorem 4.8 we 
need only establish the infinitesimal inequality (4.9). To this end, if B is any ball, 
note that if < / G L p (a) and Kf > X b then 



\B\ U < J XB Kfduj = J(Ku B )fda. 



Hence 



by the testing condition. Thus 



\b\ u < 



for a suitable C\. However we then deduce that 

\B\u < CiCap B. 
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Hence 



« 2 - A « 2 



a 



< C 3 M(x,a)- p / 9 

by Theorem 5.4 and Lemma 5.5. But this implies that 



< 2 / v- *- 

i.e. the infinitesimal inequality holds. □ 

Let us remark at this point that (5.11) can be equivalently formulated as 

(5.12) M(x,a) ^ClBaix^Nix.a) 1 ^. 

That (5.12) implies (5.11) follows from the fact that \B a (x)\ a < qa q N(x,a). Now 
assume (5.11), and let 9 = aM(x, a) /a\B a (x)\ cri where a = max(2,4C/g). Then 

M(x,^ _1 a) > M{x,a) - {6 - l) a - l \B a {x)\ a > ]-M{x,a). 



Now 



M(x,6'- 1 a) < Ce^a^N^x^^a) 

< C6- q+1 a q - 1 N{x,a) + -Ba^B^x)^) 

C 

< Ca q ~ 1 M(x,a) l ~ q \B a {x)\ q ~ 1 N{x,a) + —Mix, a) 

qa 

< Ca q - x M{x, a) x - q N(x, a) + -M(x, a). 



Thus 



M(x,a) < 4C«' J - 1 M(x,a) 1 -' ? |S a (x)|' ? - 1 A^(x,a) 
which can be reorganized as (5.12). 

Theorem 5.7. Under the same hypotheses as in Theorem 5.6, we have y p ,K '- 
%q,K or, equivalently, the following conditions on f e L° + are equivalent: 

(1) There exists e > so that the equation u = Ku q + ef has a solution u G L Q + . 

(2) There is a constant C so that 



J {Kgff q do- <C J gUa 



for all g E L p (a). 

Proof. Just observe that / e Z if and only if Kf q e Z and apply the equivalence 
of (1) and (4) in Theorem 5.6. □ 

We now turn to the problem of converses. We will show that under mild con- 
ditions (5.11) is necessary for the equivalences of (1) and (4) of Theorem 5.6 or of 
(1) and (2) in Theorem 5.7. 
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Theorem 5.8. (1) Let K be a quasi-metric kernel and suppose there is a stable 
measure fi for K which is a— continuous. Then if y p ,K = %q,K 7^ {0} (i.e. (1) 
and (2) of Theorem 5.7 are equivalent) then (5.11) holds i.e. for some C we have 
M(x, a) < Ca q ~ 1 N(x, a) for all x G X and a > 0. 

(2) Suppose K is a continuous quasi-metric kernel such that each ball B a (x) is 
compact. Suppose that there is a stable measure fx for K. Then if for every measure 
uj G W p ,k we have Ku G Z q ^K then (5.11) holds. 

Proof. (1) The hypotheses imply that y p ,K = %q,K are Banach function spaces 
with equivalent norms. Hence for some constant C and any Borel set E we have 

\\xe\\z < C\\ X E\\y = \\xe\\% 9 < \E\ 1 Ji\\ X E\\ w 1 / q = lE^^p E)' 1 ^. 
If we apply this to a ball B a {x) using Theorem 3.8 we obtain 

M(x,a) < d |S a (x)|y p (cap B a (x))-^ p 
and hence by Theorem 5.4 

M(x, a) < C 2 \B a (x) \l /p N(x, a) 1/q < C 3 a 9 " 1 N(x, a). 

(2) The hypotheses can easily be seen to imply the existence of a constant C so 
that if u> is any Borel measure such that 

(5.12) J (KfYdu < J Fdo 

for all / G L p then the infinitesimal inequality (3.9) holds with constant C i.e. 

Now by Proposition 5.3, we can find a measure u> supported on B a (x) with 

\B a (x)\ u = Cap B a (x) 
and so that (5.12) holds. Then we have 

M(x, a) p/q Cap B a {x) < C x . 

Again appealing to Theorem 5.4 gives the result. □ 

It may happen that the equivalence of (1) and (4) of Theorem 5.6 or (1) and (2) 
of Theorem 5.7 hold even when condition (5.11) fails, however. Of course this can 
only happen if there is no stable measure for K. 

Theorem 5.9. Suppose K is a quasi-metric kernel and that a satisfies the condi- 
tions (5.13) and (5.14) for some constant C: 

(5.13) M(x,2a) < C M(x,a) 
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and 



(5.14) M(y,a) <CM(x,a) 

whenever x, y G X and p(x, y) < a. Suppose also that N(x, a) < oo for some x G X 
and a > 0. Suppose u> G A4 + (X). Then Z q x ^ {0}, and the following conditions 
are equivalent: 

(1) ui G W p ,k i-e. u satisfies the weighted norm inequality 

\Kg\ p du <C J \g\ p da 

for all g G L p (a). 

(2) u> satisfies the capacity condition \E\ U < Cap E for all Borel sets B. (Equiva- 
lent^ the weak-type inequality (5.4) holds.) 

(3) u> satisfies the testing condition (4-8) i.e. 



I 



(Kco B ) q da < C\B\ 



for all balls B. 

(4) Kuj G Z q ^K i-e- for some e > there is a solution u of the equation u = 
Ku q + eKu. 

(5) Kuj G L° + (a) and there is a constant C so that K(Ku) q < C Kui. 

Remark. We remark that (5.13) is equivalent to the requirement that we have an 
estimate |-B 2a (^)| CT < CaM(x,a) since M(x,2a) < (2a)~ 1 \B 2a (x)\a + M(x, a) < 
2M(x, 4a). In particular it is sufficient that we have a doubling estimate \B2 a (x)\ a < 
C\B a {x)\ a for any constant C. 

Proof. We first establish Z q ^ K ^ {0}. Fix a > and x G X so that N(x 7 a) < oo. 
Then for r > a we have an estimate \B r (x)\ a < Cr q . Now 

M(x,r) = M(x,a)+ [ ^jf^ dt < M(x,a) + C'r^ 1 . 

Hence by (5.14) 

M*(x,r) < M(x,a) + C r q -\ 

Since 1 — q = —q/p, we have sup r>a r~ q l p M*{x, r) < oo, and Theorem 4.10 applies. 

To complete the proof we argue as in Theorem 5.6. It is only necessary to show 
that if (3) holds then the infinitesimal inequality (4.9) holds. We note as in Theorem 
5.6 that (3) implies the capacity condition 

\B\ U < CCap B 

for any ball B. 

Let us estimate Cap B a (x). In fact KxB 2Ka (x)(y) ^ M(y, a) if y G B a (x) so that 
we obtain an estimate 

Cap B a (x) < d M(x, a)~ p \B 2Ka (x)\ a . 
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Thus we have 



J a t J a 



t 2 



Now we obviously have an estimate M(x, 2nt) < C3 M(x, t) so that upon sub- 
stituting r = 2nt we can obtain 

l°° ^f^ dt < C 4 f°° M{x, T )- p ^§^ dt = C A {p- I)" 1 M(x, 2Ka) 1 ~ p . 

Using the estimate (5.14) again this gives us the infinitesimal condition (4.9). □ 

6. Trace inequalities, Carleson measure 
theorems, and nonlinear convolution equations 

In this section we give some applications of the results of the previous section to 
trace inequalities for Riesz potentials as well as more general convolution operators 
on R n , and the solvability problem for the corresponding nonlinear convolution 
equations. We also obtain a weighted version of the Carleson measure theorem 
for Poisson integrals on R™ +1 which generalizes a result of Treil and Volberg [50] 
where the case p = 2 was considered. (The proof in [50] makes use of a test for 
boundedness of quadratic forms; in the classical unweighted case this idea is due to 
S.A. Vinogradov [40].) Our approach is closer to the well-known proof of Hardy's 
inequality (see e.g. [34]) and works for all 1 < p < 00. 

Theorem 6.1. Let k : R n — > R be a positive radial function of the form k(x) = 
h(\\x\\) for x 7^ {0} where h is decreasing and 

, h(2r) 
inf > 0. 

r>o h(r) 

Suppose k G L 1 +L q . Let A be Lebesgue measure on R n and suppose ui is any locally 
finite Borel measure. Then the following are equivalent: 
(1) There exists C so that we have 



for all f > 0. 

(2) k * u e L° + and 



J{k*f) p du<C J f p dX 



k * (k* uj) q < C' k * uj 



for some constant C . 

(3) k * uj G Z , or equivalently the equation u = k * u q + e (k * uj) has a solution for 
all sufficiently small e > 0. 

(4) The testing inequality 



[ (k*uj B ) q d\ <C\B\ 
Jb 
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holds for all Euclidean balls B in R n . 
(5) There exists C so that 

\E\„ < CCap p , k (E) 

for all compact sets E. 

Remarks, (a) Characterizations of trace inequalities in terms of capacities are due 
to V. Maz'ya, D. Adams, and B. Dahlberg in the case of Riesz potentials (see [3], 
[35]). For radial kernels similar characterizations in terms of capacity inequalities 
or testing inequalities with totally different and more difficult proofs are due to K. 
Hansson [21] and E. Sawyer and R. Kerman [27]. 

(b) A characterization of solvability for the equation in (3) with an arbitrary 
inhomogeneous term / > in place of k * 10 is given by k * (k * f q ) q < C k * f q . 

(c) We remark that we make use of Theorem 5.9 and not 5.6 which would only 
apply to special cases of such convolution operators. 

Proof. If K{x,y) = k(x — y) then K satisfies the quasi-metric assumption. The 
assumptions on h ensure that M(x, a) and N(x, a) are everywhere finite for a = A. 
In this case M(x,a) is constant for each a. Note that in this case B a (0) = {x : 
h(\\x\\) > a" 1 } and so we have an estimate that _E?2a(0) C CB a (0) which implies 
\B2a(0)\\ < C n \B a (0)\\. By the remarks following Theorem 5.9, this means we can 
apply this theorem to yield the result. Note that in (5) one can use compact sets 
in place of Borel sets due to the known capacitability results (see [3], p. 28). □ 

Next we characterize trace inequalities for Riesz potentials of order a, I a = 
(— A)~ a / 2 , on R n , and the solvability problem for the integral equation 

(6.1) u = I a {u q da) + /, < u < oo da-a.e. 

Note that in contrast to Theorem 6.1 now a is not necessarily Lebesgue measure. 

We will make use of the class of A^-weights introduced in [45], which contains 
both Muckenhoupt A^-weights (in case f3 = n) and (reverse) doubling weights 
RDp such that 

/ r \ P 

\B r \ a < C \ — J \B R \ a 

for all concentric balls B r and Br with < r < R < oo. We set Z q ^ a = Z q j a and 
S q , a = S q j a . We also set 



rj(x)=I a (fda)(x)=C(n,a) f J" 

J \x — 



f(y) do- 



y 



n — a 



where C(n, a) = tv' 71 / 2 2~ a F(n/2 - a/2) r(a/2)" 1 . 

Theorem 6.2. Let 1 < q < oo and < a < n. Let a and uj be locally finite 
measures on R n , and let f = I a u G L° i _(a). Then the following statements are 
true. 

(1) f G Z q>a if and only if the inequality 

(6.2) I°(I a u) q <CI a u da-a.e. 

holds. Moreover, if (6.2) holds with C = p 1 ~ q q~ 1 then f G S q ^ a , and (6.1) has a 
solution u such that I a uj <u< pl a u. 

(2) f G Z q ,ot if and only if both the trace inequality 

(6-3) \Kh\\ LP(u;) <C\\h\\ LPia) , heLP(a), 
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and the infinitesimal inequality 

(6 ' 4) ,7,>.il Fsr 111 ) U Fsr*| <0 °' 

/io/d, where B r (x) is a Euclidean ball of radius r centered at x. 

(3) f G 2q )Q , if and only if both the infinitesimal inequality (6.4) and the testing 
inequality 

(6.5) / (IZxB) q da < C \B\ W , 

J B 

hold, where C is independent of B = B r (x). 

(4) If o satisfies the estimate 

(6 6) r \ B t( X )\* dt < C r (n-a)(q-l) f°° \ B M)U ^ 

t/ien (6.3)^(6.5)^(6.2). Moreover, (6.6) is necessary in order that (6.3)^(6.2) . 

(5) If a, u) G with (3 > n — a, then (6.2) is equivalent to the infinitesimal 
inequality (6.4). 

(6) If a, uj G RDp with (3 > n — a, then (6.2) is equivalent to the following condition 
of Muckenhoupt type, 

(6.7) SUP \M^im^ <00 . 

x£R",r>0 r n a 



Remarks, (a) For a G RDp with (3 > n — a similar results were proved earlier in 
[52]. Note that in this case (6.6) holds and hence (6.4) follows from (6.5) which 
simplifies the proofs. 

(b) There are analogous criteria of solvability of (6.1) for an arbitrary / G L°^_ in 
place of I a uj (see Theorem 4.9). In particular, / G Z q ^ a if and only if 

(6.8) r a {i a J q ) q <crj q . 

Moreover, if (6.8) holds with C = p q ^~ q \~ q , then / G S q , a i.e. (6.1) has a solution 
u such that 

f+i:f q <u<f+ P q i°f q . 

Proof. The proofs of statements (1) — (4) of the Theorem follow easily from Theo- 
rems 4.8, 5.6, and 5.8. One only need to notice that the balls B r (x) associated with 
the Riesz metric p(x,y) = C(n, a) -1 \x — y\ n ~ a correspond to Euclidean balls with 
the same center and radius C(n, a) 1 /^ - ") r i/(n-a)_ 

Under the assumptions of statement (5) of the theorem the weighted norm in- 
equality (6.3) is equivalent to (6.7) by Theorem 2 of [45]. To prove (5), note that 
obviously (6.4)=^>(6.7), and apply (2). 

To prove statement (6), observe that since a G RDp then clearly (6.6) holds. 
Hence by (4) (6.2)<^>(6.5). It is also well known that in this case (6.7) is necessary 

47 



and sufficient in order that the weighted norm inequality (6.3) hold (see [41], [45]). 
Thus (6.5)^(6.7) which proves (6). □ 

We now give an application to weighted Carleson measure inequalities for Poisson 
integrals. Let u and a be locally finite Borel measures on 

R n+1 = R n x R n &nd 

R n respectively. Let 1 < p < oo. We consider the inequality 
(6-9) \\P a f\\L^)<C\\f\\ LP{a) 
for the Poisson integral 

P°f(x,t) = P[fda](x,t) = [ P t (x-y)f(y)da(y). 

Here (x,t) G R!^ +1 and P t (y) = C n t/(\ \y\ | 2 + t 2 )^ 1 )/ 2 is the Poisson kernel on 
the upper half-space. Similarly, for uj G M + (R™ +1 ) we set 

P UJ g(x,t) = / P t+T (x-y)g(y,T)du(y,T). 

If a is Lebesgue measure then the Carleson measure theorem [10] says that (6.9) 
holds if and only if a; is a Carleson measure, i.e. \B\ U < C \B\; here B is the 
cylinder with height (i?! 1 / 71 whose base is a ball B in R n . It is easy to see that uj 
is a Carleson measure if and only if 

(6.10) P UJ l(x,t) = [ P t+T {x-y)dw(y,T)<C < oo 

where C is independent of (x,t) G R^ + . (See [19], [40].) A simple proof of the 
nontrivial implication (6. 10) =^(6.9) (in case a is Lebesgue measure) is immediate 
from the following theorem. 

Theorem 6.3. Let 1< p < oo and let uj G M + (R^ +1 ), a G M+(K n ). Then (6.9) 
holds if P u \ ^ +oo and 

(6.11) P UJ (P a l) p (x,t) < CP a l(x,t). 

The case p = 2 of Theorem 6.3 was established in [50]. Note that the pointwise 
condition (6.11) is used in a dual form so that if a is Lebesgue measure we have 
P a l = 1; then (6.11) coincides with (6.10). 

Proof. Consider dwi(x, t) = t duj{x, t) and do\ = xr» da as measures on X = R" +1 . 
Let K be a quasi-metric kernel on X x X defined by 

K(x,y) = [\\x-y\\ 2 + (t + T) 2 ]- (n+1)/2 

where x = (x,t) and y = (y,r). 

It is easy to see that (6.11) is equivalent to 

(6.12) K Wl (K ai l) p < C K ai 1. 

Then by Theorem 4.8 applied to L q {uj\) in place of L p (a) it follows 

\\K^g\\ Lg(<Jl) <C\\g\\ L9{ui) 

for all g G L q (uji), which is obviously equivalent to the inequality dual to (6.9). 
Note that here we have only used an easy part of Theorem 4.8 which is essentially 
contained in the elementary estimates of Propositions 4.4 and 4.5. □ 
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7. Existence of positive solutions 
for superlinear dlrichlet problems 



In this section, we obtain some estimates for the Green kernels and Nairn kernels 
related to the so-called 3(j-inequalities. This makes it possible, as an application of 
the results of Sections 2-5, to characterize the problem of the existence of positive 
solutions for the superlinear Dirichlet problem 



(7.1) 



— Au = v(x) u q + w(x), u>0 on O, 
u = 4> on dfl, 



on a regular domain fl C R n in the "superlinear case" q > 1; here we assume that 
v,w G Lj oc (fl) and G Lj oc (dfl) are arbitrary nonnegative functions. We denote 
by G = Ga,ci the Green function of the Laplacian A on fl, and by Gu the Green 
potential 

Gu(x) = / G(x, y) u(y) dy. 

By Pcj) we denote the Poisson integral (harmonic extension) of 4>. The solvability 
of (7.1) is understood in the sense (see [6], [29]) that u G L q oc (fl) satisfies the 
corresponding nonlinear integral equation 

(7.2) u = G (v u q ) + Gw + Pcj) a.e. on O. 

More generally, we consider the Dirichlet problem 



(7.1') 



-Lu = a u q + u>, u>0 on O, 
u = d> on 90, 



where a, to are locally finite measures on O (possibly singular with respect to 
Lebesgue measure), and L is a uniformly elliptic differential operator of second 
order, 

n n 

(7.3) Lu = a ij( x ) DjjU + bj(x) DjU + c(x) u, 

i,j=l i=l 

with the assumptions on the coefficients and O specified below. (See Proposition 
7.2 and Lemma 7.1.) Let G = Gl,u be the Green function of L. We say that 
u G L q oc {da, ft) is a solution to (7.1') if u satisfies the integral equation 

(7.2') u = G a u q + G"l + P(p da-a.e. on ft. 

Here G u u{x) is the Green potential with respect to a locally finite measure udv 
defined by 



G v u{x)= [ G(x,y)u(y)du(y), 



and Pcj) — Pl n<p i s the corresponding Poisson integral (L-harmonic extension of 
o). 
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Our assumptions on L and O will be stated in terms of certain inequalities for 
the Green function G = Glq. As was mentioned in the Introduction, G does not 
satisfy our basic quasi-metric assumptions even in the case of the Laplacian on a 
ball or half-space. In the so-called 3G-inequality (see [12], [13]), 

(74) G( X ,y)G(y,z) ^^ x _ v]2 _ n + ]y _ z ^ 

unfortunately, one cannot replace the right-hand side by a smaller term G(x,y) + 
G(y,z). 

However, we can reduce the solvability problem for (7.2') to the problems studied 
above by using the so-called Nairn kernel. For x G O, we denote by 5(x) the distance 
from x to the boundary dQ. If <9Q is smooth enough, we set 

(7.5) N(x,y) 



6(x)6(y) 

Then we will show that N satisfies the inequality 

(tr\ N(x,y) N(y,z) 

(7-6) <K[N(x,y) + N(y,z)\, 

which is obviously equivalent to our quasi-metric assumption. It is worthwhile to 
note that (7.6) is always stronger than the original 3G-inequality (7.4), and takes 
into account the behavior of the Green kernel at the boundary in a proper way. 
(See [49] for another refinement of (7.4) in a different direction, which is, however, 
again not sharp at the boundary.) 

We observe that this approach is applicable at least to operators L with Holder- 
continuous coefficients on bounded C 1 ' 1 domains O. For more general domains, as 
was proposed in [38], one may replace the distance to the boundary S(x) in the 
definition (7.5) by s(x) = G(x,xo), where xq is a fixed pole in O. We conjecture 
that in this setting (7.6) holds, with obvious modifications, for bounded Lipschitz 
domains O and operators L with bounded measurable coefficients. 

The proof of (7.6) under the assumptions stated above is based on the well known 
two-sided estimates 



(7.7) G LjQ (x,y) x \x - y 



2 n min 



\x-y'~ 



2 



for the Green function Gl,q,- The upper estimate in (7.7) is due to K.-O. Widman 
[55] for C ,a (or more general Dini type) domains, and the lower one was estab- 
lished by Z. Zhao [56] for C ' domains and L = A. For second order uniformly 
elliptic operators L with Holder-continuous coefficients, it was proved by Hueber 
and Sieveking [25] that Gl,q x Ga,q- (See also [5], [49], and the references given 
there.) 

Lemma 7.1. Let Q be a bounded C 1,1 domain in R n , n > 3. Let L be a uniformly 
elliptic second order differential operator (7.3) with bounded Holder- continuous co- 
efficients, and c < 0. Then p(x,y) = N(x,y)~ 1 defines a quasi-metric on O, and 
thus (7.6) holds. 

Remark. In Lemma 7.1, one can replace the restrictions on c and hi by some milder 
assumptions which guarantee that G_L,n x Ga^ (see [5], [12], [13]). Analogues of 
Lemma 7.1 also hold in the cases n = 1, 2 which require usual modifications. 
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Proof. We first show that (7.7) is equivalent to the estimate 

6(x)6(y) 



(7.7') 
We have 



mm 



\x - y\ n ~ 2 [\x - y\ 2 + 5(x) 2 + 5{y) 2 ] 
8{x)8{y)- 



\x - y\ : 



1 



max 



1, 



\x — y\ 2 
S{x)S{y) 



S(x)S(y) 



\x -y\ 2 + 6(x)6(y)' 

It remains to notice that from the obvious inequality \S(x) —S(y) \ < \x — y\ it follows 

| a; - y\ 2 + S(x) S(y) x \x - y\ 2 + S(x) 2 + S(y) 2 . 

Hence (7.7') holds. Now for the Nairn kernel defined by (7.5) we have 

1 



N(x,y) 



\x - y\ n ~ 2 [\x - y\ 2 + S(x) 2 + 5{yf 



We set 



d(x, y) = \x- y\ n - 2 [\x-y\ 2 + 5(x) 2 + 5(y)% 



where d{x,y) x N(x,y) 1 . Then to prove (7.6) it suffices to show that d(x,y) 
satisfies the quasi-metric inequality 



(7.8) 

We notice 



d(x, y)<C [d{x, z) + d{y, z)]. 



d(x, y) = \x- y\ n + 5(x) 2 \x -y\ n 2 + 5(y) 2 \x - y\ 



m-2 



Estimating the first term on the right from above, we obviously have 

| a; _ y\" < [\ x - z\ n + \y- z\ n ] < 2 n ~ l [d(x, z) + d(y, z)]. 

It remains to estimate 5{x) 2 \x — y\ n ~ 2 , since a similar bound for 5(y) 2 \x — y\ 
follows by interchanging the roles of x and y. 
To prove the inequality 

8(x) 2 \x-y\ n - 2 <C[d(x 1 z) + d(y,z)}, 

we consider two cases, (i) 8(x) < 5(y) and (ii) 5(y) < 5(x). 
In case (i), clearly, 



n-2 



8(x) 2 \x - y\ n ~ 2 < 2 n " 3 5(x) 2 [\x - z\ n ~ 2 + \y-z 



m-2i 



< 2 n " 3 5(x) 2 \x - z\ n ~ 2 + 2 n ~' s 5(y) 2 \y - z\ n ~ 2 < 2 n ~ :i [d{x, z) + d(y, z)], 



in-2 i on-3 



n— 2 s~ on — 3 



which implies (7.8). 
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In case (ii), use the inequality S(x) < S(y) + \x — y\. Then we get 

5(x) 2 \x -y\ n ~ 2 <2\x -y\ n + 2 5(y) 2 \x -y\ n ~ 2 . 

As above, for the first term on the right-hand side of the preceding inequality we 
have \x — y\ n < 2 n ~ 1 [d(x, z) + d(y, z)]. Estimating the second term, we have 

5(yf \x - y\ n - 2 < 2»" 3 [5{yf \x - z\ n ~ 2 + %) 2 \y - z\ n ~ 2 ] 

< 2 n " 3 \5{x) 2 \x - z\ n ~ 2 + 5(y) 2 \y - z\ n ~ 2 } < 2 n " 3 [d(x, z) + d(y, z)]. 

This proves (7.8) in case (ii). Thus, (7.8) holds, which implies (7.6). The proof of 
Lemma 7.1 is complete. □ 

Next, we show that the main results of Sections 3-5 hold true in a more general 
setting where the kernel G(x,y) is not necessarily symmetric and may fail to sat- 
isfy the quasi-metric inequality. We assume that there exist positive measurable 
functions Si and S2 such that 

(7.9) K{x,y) x si{x) G(x 7 y) s 2 (y), x,yeX, 

where K (x, y) is symmetric and satisfies the quasi-metric inequality. It follows that 
this is the case for the Green function G(x,y) = Gl,q,, under the assumptions of 
Lemma 7.1, if s\(x) = S2(x) = 6~ 1 (x); then K coincides with the Nairn kernel 
(7.5). Recall that / G Z q ^Q if the nonlinear integral equation 

(7.10) u = G a u q + e f da-a.e. on X 
has a solution for some e > 0. 

Proposition 7.2. Suppose that G is a kernel on X x X such that (7.9) holds, 
where si and s 2 are positive measurable function on X , and K(x, y) is a symmetric 
quasi-metric kernel. Then f G Z q ^Q if and only if 

(7.11) G a (G a f q ) q < CG a f q < oo da-a.e. 

Proof. We rewrite (7.10) in the equivalent form 

(7.12) u = K a u q + f, 
where 

(7.13) u = si u, f = si /, da = s^ 1 s^ q da. 
By Theorem 4.1, this equation has a solution u if and only if 

(7.14) K"(K"f q ) q < CK a f q < oo da-a.e. 

Multiplying both sides of the preceding inequality by s^ 1 and using (7.9) and (7.13), 
we see that (7.14) is equivalent to (7.11). □ 
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Remark. One of the advantages of using pointwise characterizations (7.11) is that 
they are invariant under the transformation of the kernels given by (7.9). It is easy 
to see that all other results of Sections 3-5 have complete analogues for kernels G 
such that K(x, y) x s\(x) G(x, y) S2(y) satisfies the quasi-metric inequality. 

However, all geometric conditions should be modified because of the new quasi- 
metric. Moreover, (7.9) leads to a change of weights in the corresponding weighted 
norm inequalities. Using (7.9) and (7.13) in the same manner as in the proof of 
Proposition 7.2, it is easily seen that the weighted norm inequality 

(7.15) \\G a h\\ LP{duj) <C\\h\\ LP{da) , heLP(da) 
for G is equivalent to a similar inequality 

(7.15') \\K^g\\ LP(duJl) <C\\g\\ LP(dai) , g e L^da^, 

for K, where do\ = s\~ q da and doo\ = s^ p duo. 

Using these results with si = S2 = S~ x , together with the testing characteriza- 
tions of weighted norm inequalities [45] , we obtain the following characterization of 
two weight inequalities for Green's potentials. 

Theorem 7.3. Let O and L satisfy the assumptions of Lemma 7.1. For x G O and 

a > 0, denote by B = B a (x) a "ball" associated with the Nairn kernel: 

(7.16) B a (x) = {yeQ: G(x, y) > a" 1 8(x) <%)}. 

Then the two weight inequality (7.15) holds for the Green potential G a if and only 
if, for all balls B = B a (x), both 

(7.17) / {G a 5 q - l x B ) p duj < C [ 5 q da 

Jil J B 

and 

(7.18) / (G^- 1 ^) 9 ^ < C [ 5 p du 

J a J b 

hold. 

The same argument as in Proposition 7.2, together with Theorem 4.9, yields 
the following characterization of the solvability problem for the nonlinear integral 
equation (7.10). (Note that Theorem 7.3 is not used in this proof.) 

Theorem 7.4. Let O be a bounded C 1,1 domain in R n , n > 3, 1 < q < oo, and let 

L be a uniformly elliptic second order differential operator as in Lemma 7.1. Let 
f G L q oc (dcr, O) be a nonnegative function on O. Then the following statements are 
equivalent. 

(1) Equation (7.10) has a solution for some e > 0. 

(2) There exists a constant C > such that 



(7.19) 



G a (G a f q ) q < CG a f q < oo da-a.e. 
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(3) Both the weighted inequality 

(7.20) / (G a h) p fid 1 -? da <C [ WS^da, 
and the infinitesimal inequality 

{ f a Ir ( ,S 1+g da ) 1/9 f /-oo f Jidda ) 1/p 

(7.21) {/ *} {/ *} <C 

(^j f?o#i (7.21) and the testing inequality 

(7.22) / (G°r X B) q Sda<C [ f«6da 

J B JB 

hold. 

Now we are in a position to characterize the solvability of the nonlinear Dirichlet 
problem (7.2'). The latter is related to the integral equation (7.10) with f = fi +fa, 
where fa = G u l and fa = P(j). We first consider the homogeneous problem where 
6 = 0: 



(7.23) 



—Lu = au q + euj, u>0 on fi, 
u = on <9fi, 



which is equivalent to the integral equation 

(7.24) u = G a u q + G UJ 1. 

Since in this case the inhomogeneous term of (7.24) is a Green potential, the 
characterizations of Theorem 7.4 may be simplified by using Theorem 4.8 in place 
of Theorem 4.9. This yields 

Theorem 7.5. Under the assumptions of Theorem 7.4 the following statements 
are equivalent. 

(1) The Dirichlet problem (7.23) has a solution for some e > 0. 

(2) Gu < oo and there exists a constant C > such that 

G^G^l) 9 < CG"1. 

(3) Both the weighted inequality 

[ (G a h) p 5 1 - p du <C [ h p 5 x - p da, 
Jn Jn 

and the infinitesimal inequality 

a f 5 1+q da ~) 1/q ( r°° f 5 duo ~) 1/p 

jB ^ f2 dt\ \J Jb ^ 2 dt\ <C 
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hold. 

(4) Both the infinitesimal and the testing inequality 

[ {G^XBYSda <C [ 5du 
Jb Jb 

hold. 

Remark. In the one-dimensional case, we consider the problem 

-u"(x) = au(x) q + tv, < x < 1, 
u(0) = = 0. 

Here O = (0, 1) and G(x, y) = mm[x(l — y), y(l — x)]. 

The corresponding Nairn kernel N(x,y) = [xy(l — x)(l — y)]~ x G(x,y) sat- 
isfies the quasi-triangle inequality with k = 1, so that p(x,y) = 1/N(x,y) = 
[1 — mm(x,y)] max(x,y), and thus Theorem 4.8 is applicable. Note that in the 
easy case where u> G L 1 (0, 1) (or, more generally, if a; is a finite measure), we have 
Gu(x) x x(l — x). Then (7.19) boils down to the requirement that the integral 
Jq [x(1 — x)] q da is finite and small enough. This is clearly necessary for the existence 
of solutions in case w is a finite measure. 

However, lv need not be finite on (0, 1): the only natural restriction on ui, which 
is equivalent to Gu < oo, is J Q x(l — x) ckv < oo. For u> such that ckv = oo, 
the existence of positive solutions depends on the interplay between a and iv at the 
endpoints, and is determined by (7.19), or the equivalent inequalities (7.21) and 
(7.22). Moreover, it is not difficult to see that in this case (7.21)=^(7.22), and so 
the infinitesimal inequality alone characterizes the solvability problem in this case. 

Now we consider the inhomogeneous Dirichlet problem with boundary data <p 
0. We assume that < Pep < oo. (The estimates of the Poisson kernel for elliptic 
operators of second order can be found in [5], [36], [48], [56].) 

It follows from Theorem 7.4 that (7.10) is solvable for some (small enough) e > 
if and only if both G u l and Pcj) € Z q Q. Thus, applying Theorems 7.4 and 7.5 
established above, we obtain the following statement. 

Theorem 7.6. Under the assumptions of Theorem 7.4, the Dirichlet problem 

( —Lu = au q + eiv, u>0 on O, 
\ u = 6(f) on dfl, 

has a solution for some e > if and only if both 

G a (G UJ l) q < CG"1 da-a.e. 

and 

G rT [G rT (P(j)) q } q <CG a (P(j)) q da-a.e. 

hold. 

Equivalent characterizations of solvability in terms of the infinitesimal inequal- 
ities and testing inequalities (or capacitary inequalities) follow as in Theorems 7.4 
and 7.5. 
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In conclusion we consider the special case of the nonlinear Dirichlet problem 

( — Lu = u q + €iv, u>0 on O, 
(7 - 25) 1 u = on dn, 

previously characterized by D. Adams and M. Pierre [3] in the case supp u <s O. 
We observe that our methods are totally different, and give additional pointwise 
estimates of solutions with sharp constants up to the boundary. 

We introduce a weighted capacity associated with (7.25). To any E C O we 
associate 

(7.26) Cap p , G (£) = inf jjJV S ( x y-p dx : Gg(x) > S(x) X e(x), g > o| , 



where 



is the Green potential of g. 
Let 



G^(x) = / G(x,y)g(y)dy 
Jo. 



(7.27) Cap P)/2 (i?) = inf {Jj P dx : ^(x) > X e(x), g > o| 

be the nonlinear Newtonian capacity associated with the Sobolev space VF 2 ' p (R n ) 
used in [3]. It is easily seen that for any compact set E <s O one has Cap P; G(-E') x 
Ca,ppj 2 (E) with constants of equivalence which depend on dist (E, dQ). 

Theorem 7.7. Let O and L be as in Theorem 7.4- Let 1 < q < oo and let 
uj G M + (Q). Then the following statements are equivalent. 

(1) The Dirichlet problem (7.25) has a solution for some e > 0. 

(2) Gu < oo and there exists a constant C > such that 

(7.28) G(G^l) g < CG"1. 



(3) The weighted inequality 

[ {GhY5 l ~ p du<C [ hPS^da, 

holds. 

(4) The testing inequality 

[ {G" X B) q Sdx <C [ 5du 
JBnQ Jb 

holds for all Euclidean balls B. 

(5) There exists a constant C such that 

(7.29) I S(x)dw(x) < CCap PiG (£) 

J E 
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for all compact sets £cO, 

Remarks, (a) The equivalence of (1) and (5) for compactly supported u> was proven 
in [3]. As in our preceding results, (7.28) with C = p 1 ~ g q~ 1 implies that equation 
(7.25) with e = 1 has a solution u such that Gu <u< pGu. 

(b) Theorem 7.7 together with the estimate of solution given above yields the 
following criterion for the existence of solutions in L r , < r < oo (or any other 
ideal function space): (7.25) has a solution for some e > which belongs to L r if 
and only if (7.28) holds and G u l G L r . 

Proof. The theorem follows from Theorem 7.6 if one can show that the correspond- 
ing infinitesimal inequality is a consequence of the testing inequality. To prove this, 
we apply Theorem 5.9 to the integral operator with the Nairn kernel and then pass 
to the Green potential as above. 

Recall that the Nairn kernel N(x,y) is quasi-metric and 

p(x, y) = N(x, y)~ x x\x- y\ n ~ 2 max{|x - y\, 8{x), %)} 2 

(see the proof of Lemma 7.1). It only remains to show that the assumptions of 
Theorem 5.9 hold (see also Remark after Theorem 5.9), namely that 

(7.30) \B 2a (x)\ a <CaM(x,a) 
and 

(7.31) M(y,a) < C M(x,a) 

whenever x,y G X and p(x,y) < a. Here B a (x) = {y G O : p(x,y) < a, da = 
5(x) 1+q dx and 

MM = £\Ifk dt . 

Denote Euclidean balls by B = B r (x). Note that if we set 

a = a 1 ' n , /3 = a 1 ^ n - 2 H(x)- 2 ^ n - 2 \ 

then B a (x) C £> min(a)/ 3)(;r). On the other hand if \x — y\ < r, then p(x,y) < 
4 max{r n , r n ~ 2 5(x) 2 }. Hence B^i/ n min ^ a ^(x) C B a (x). 

It is easy to see that if a < C 5(x) n this leads to an estimate 

\B a {x)\ a ~ 5(x) 1+q (3 n = a n /( n -V S(x) 1+q - 2n / (n - 2 \ 

Let So be such that if S(x) +r < do then there exists y G B r (x) with S(x) = S(y) + r. 
If a < 2~ n 5 l and 2 6 < a l / n then pick y G B a/2 (x) with S(y) > a/2. Then 
B a / 2 {y) C B a (x) C B 3a / 2 (y). From this we get an estimate: 

\B a (x)\ a ~ a 1+q a n = a 1+{1+q)/n . 
Combining these estimates we have 

|S a (^)|«7 ~ max{a n /( n - 2) <^) 1+9 ~ 2n/(n ~ 2 \a 1+(1+9)/n } 
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for small enough a < cSq. Since \B a (x)\ a is bounded for a > 5 now it is easy to 
verify that (7.30) and (7.31) hold. □ 

Addendum. After this paper was accepted for publication we learned that H. 
Brezis and X. Cabre have been able to modify their approach in [9] (see the Intro- 
duction) to find another proof of the necessity of our condition G(a(Guj) q ) < C Guj 
for the solvability of the Dirichlet problem for —Aw, = au q + uj. Moreover, they 
showed that the constant C in the necessity part can be chosen as C = p — 1, 
which complements our sufficiency result with the sharp constant C = q~ 1 p 1 ~ q . 
Note that the latter constant is applicable to very general superlinear operator 
equations, while the former is established only for the Laplacian. For more general 
superlinear differential and integral equations the constant C = C(q, k) in the ne- 
cessity statements could be easily estimated from our proof; generally it depends 
on the quasi-metric constant of the kernel. 
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